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Abstract. Given an argumentation network with initial values to the
arguments, we look for algorithms which can yield extensions compati-
ble with such initial values. We find that the best way of tackling this
problem is to offer an iteration formula that takes the initial values
and the attack relation and iterates a sequence of intermediate values
that eventually converges leading to an extension. The properties sur-
rounding the application of the iteration formula and its connection with
other numerical and non-numerical techniques proposed by others are
thoroughly investigated in this paper.
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1. Orientation and Background

1.1. Orientation

A finite system (S, R), with R a binary relation on S, can be viewed in many
different ways; among them are

1. As an abstract argumentation framework [10], and
2. As a generator of equations [13, 14]

When viewed as an abstract argumentation framework, the basic con-
cepts studied are those of extensions (being certain subsets of S) and dif-
ferent semantics (being sets of extensions). When studied as generators of
equations, one can generate equations in such a way that the solutions f to
the equations correspond to (complete) extensions and sets of such solutions
correspond to semantics.

This paper offers an iteration schema for finding specific solutions to the
equations responding to initial requirements and shows what these solutions
correspond to in the abstract argumentation sense.



We now explain the role iteration formulas play in general in the equa-
tional context.

When we have a system of equations designed to model an application
area! we face two problems: 1) find any solution to the system of equations,
which will have a meaning in the application area giving rise to the equa-
tions; 2) given boundary conditions and/or other requirements not necessarily
mathematical which are meaningful in the application area,? we would like
to find a solution to the system of equations that is compatible/respects the
initial conditions/requirements.

These two problems are distinct. The first one of finding any solution is
a numerical analysis problem. There are various iteration methods in numer-
ical analysis to find solutions, of which one of the most known is Newton’s
method.? The second problem is totally different. It calls for an understand-
ing of the requirements coming from the application area and possibly the
design of a specialised iteration formula which respects the type of require-
ments involved.

This paper provides the Gabbay-Rodrigues Iteration Schema, for the
case of the equational approach to argumentation, seeking solutions (which
we shall see will correspond to complete extensions) respecting as much as
possible initial demands and restrictions of what arguments are in or out of
the extension. We compare what our iteration schema does with Caminada
and Pigozzi’s down-admissible and up-complete constructions [7]. Because
we are dealing with iteration formulas (involving limits) and we are compar-
ing with set theoretical operations (as in Caminada and Pigozzi’s paper) we
have to be detailed and precise and despite it being conceptually clear and
simple, the proofs turn out to be mathematically involved, and require some
patience from our readers. However, once we establish the properties of our
iteration schema, its use and application are straightforward and computa-
tionally simple, especially in the context of such tools as MATHEMATICA
and others like it. The reader may wish to just glance at the technical proofs
and concentrate on the examples and discussions. Note the iteration schema
idea is very general and applies to other systems of equations possibly using
other iteration formulas.

The actual technical development of the paper will start in Section 2. In
Appendix A we emphasise the distinction between the above two problems
with two detailed examples, the first modelling the dynamics of predator-
prey interactions and the second about merging/voting in argumentation

IFor example, equations of fluid flow in hydrodynamics or equations of particle motion
in mechanics, or equations modelling argumentation networks according to the equational
approach (to be explained later), or equations modelling a biological system of predator-
prey ecology, or some polynomial equation arising in macroeconomics.

2For example, initial conditions in the case of particle mechanics, or initial size of popula-
tion in the ecology, or arguments that we would like to be accepted.

3This method starts with an initial guess of a possible solution and uses various iteration
formulae hoping that it will converge to a solution (for an introduction on numerical
analysis see [21]).



networks. We shall see that Newton’s method does not work in these scenarios
and that there is the need for a new type of iteration schema. Thus this paper
is not just incremental to the equational approach but constitutes a serious
and necessary conceptual extension.

1.2. Background

An abstract argumentation framework is a formalism proposed by Dung [10]
and defined in terms of a tuple (S, R), where S is a non-empty set of argu-
ments and R C S x S is a binary attack relation. We will refer to an ab-
stract argumentation framework (S, R) simply as an argumentation network.
If (X,Y) € R, we say that the argument X attacks the argument Y. (S, R)
can be seen as a directed graph (see Figure 1). As informally introduced in
Section 1, Att(X) will be used to denote the set {Y € S | (Y,X) € R},
i.e., the set of arguments attacking the argument X. Following graph theory
convention, if X has no attackers (i.e., Att(X) = &), we say that X is a
source node in (S, R). Given a set E C S, we write E — X as a shorthand
for 3Y € F, such that (Y, X) € R. Furthermore, following [4], we use E* to
denote the set {Y € S| E - Y}.

FIGURE 1. A sample argumentation network.

Given an argumentation network, one usually wants to reason about
the status of its arguments, i.e., whether an argument persists or is defeated
by other arguments. It should be clear that arguments that have no attacks
on them always persist. However, an attack from X to Y may not in itself
be sufficient to defeat Y, because X may be defeated by some argument that
attacks it, and thus one needs an evaluation process to determine the status
of all arguments systematically. In Dung’s original formulation, this was done
through an acceptability semantics defining conditions for the acceptability of
an argument. The semantics can be defined in terms of extensions — subsets
of S with special properties. These subsets are based on two fundamental
notions which are explained next.

A set F C S is said to be conflict-free if for all elements X,Y € E,
we have that (X,Y) € R. Intuitively, arguments of a conflict-free set do not
attack each other. However, this does not necessarily mean that all argu-
ments in the set are properly supported. Well supported sets satisfy special
admissibility criteria. We say that an argument X € S is acceptable with re-
spect to E C S, if for all Y € S, such that (Y, X) € R, there is an element
Z € E, such that (Z,Y) € R. A set E C S is admissible if it is conflict-free



and all of its elements are acceptable with respect to itself. An admissible
set E is a complete extension if and only if E contains all arguments which
are acceptable with respect to itself. F is called a preferred extension of S, if
and only if F is maximal with respect to set inclusion amongst all complete
extensions of S. Similarly, F is called a stable extension of S if and only if F
is conflict-free and for every X € S\ E, there is an element Y € F, such that
(Y, X) eR.
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FIGURE 2. Sample argumentation networks.

Now consider the argumentation networks (L) and (R) depicted in Fig-
ure 2. According to the semantics given above, the network (L) has three
extensions Ey = &, F1 = {X} and Ey = {Y'}. Both F; and F5 are preferred
and stable extensions. The network (R) only has only one extension, which
is empty, and hence this is also its only preferred extension. This extension
is however not stable.

Besides Dung’s acceptability semantics, it is also possible to give mean-
ing to these networks through Caminada’s labelling semantics [6, 5] and
through Gabbay’s equational approach [13, 14]. These are explained next.

The labelling semantics.

The labelling semantics uses labelling functions A : S — {in, out, und}
satisfying certain conditions tailored so as to obtain a complete correspon-
dence with Dung’s semantics.

The labelling of an argument in disagreement with Dung’s semantics is
said to be “illegal”. This is explained further as follows.

Definition 1.1 (Illegal labelling of an argument [7]). Let (S, R) be an argu-
mentation network and A a labelling function for S.
1. An argument X € S is illegally labelled in by X if A(X) = in and there
exists Y € Att(X) such that \(Y') # out.
2. An argument X € S is illegally labelled out by A if A(X) = out and
there is no Y € Att(X) such that \(Y') = in.
3. An argument X € S is illegally labelled und by A if A(X) = und and
either for allY € Att(X), A(Y') = out or there exists Y € Att(X), such
that A(Y) = in.

A legal (complete) labelling is a labelling in which no argument is ille-
gally labelled.



It is possible to have more than one legal labelling function for the
same argumentation network. Each labelling function will correspond to an
extension in Dung’s semantics. For example, for network (L), we have the
three functions Ay, Ay and g below.

/\1<:>E1:{X} ‘)\2<:>E2:{Y} ‘)\0<:>E0:®
A(X)=1in A2(X) = out Ao(X) = und
A1(Y) = out X(Y)=1in Ao(Y) = und

For the network (R), we have only the function A such that A\(X) =
AY) = A(Z) = und. This gives the empty extension.

The equational approach.

The equational approach views an argumentation network (S, R) as a
mathematical graph generating equations for functions in the unit interval
U = [0,1]. Any solution f to these equations conceptually corresponds to
an extension. Of course, the end result depends on how the equations are
generated and we can get different solutions for different equations. Once the
equations are fixed, the totality of the solutions to the system of equations is
viewed as the totality of extensions via an appropriate mapping. One equation
schema we can possibly use for generating equations is the Fqua.x below,
where V(X) is the value of a node X € S:

(EQmaX) V(X) =1- maXY},EAtt(X){V(Yvi)}
Another possibility is Eq,y:
(Eginv) V(X) = H}qutt(X)(l - V(Y3))

It is easy to see that according to Fqmax the value of any source argu-
ment will be 1 (since they have no attackers) and the value of any argument
with an attacker with value 1 will be 0. The situation is more complex with
nodes participating in cycles. Consider the network (L) again, with equations

V(X)=1-V(Y)
V(Y)=1-V(X)

If values are taken from the unit interval, this system of equations will accept
any solution V' such that V(X) 4+ V(Y) = 1. We can divide these solutions
between three classes: V1(X) =1, V}(Y) = 0; V3(X) =0, V3(Y) = 1 and
0<V9X)<1,0< VYY) <1 with VO(X) + VO(Y) = 1. These again
correspond to the three extensions Fy, Fs and Ey given before.

In fact, Gabbay has shown that in the case of Equ.x the totality of
solutions to the system of equations corresponds to the totality of extensions
in Dung’s sense [14]. The correspondence is best explained in terms of the
labelling semantics, using the following correspondence:

V(X)=1 @ AMX)=in
V(X)=0 i A(X) = out
0<V(X)<1l = AX)=und



The advantage of the equational approach is that it allows us to think
of an argumentation network as a numeric system in which nodes are given
certain values depending on specific rules governing their interaction with
their neighbours. A rule may for instance require the value of a node to be 0
if the value of any attacking node is 1. Another rule may force the value of a
node to be 1 if it has no attacking nodes. The schema E¢.x and F¢;n, embed
these rules, and they agree with Dung’s semantics. A solution to the system
of equations is any combination of values of nodes satisfying the equations.
Of course, since the node values are no longer discrete we have more freedom
to design rules which are appropriate for a given application. Part of the
objective of this paper is to explore the nature of these rules.

We start by generalising some concepts a bit further. Consider the net-
work in Figure 3 in which At¢(X) = {Y7,Ys,...,Y%}. To agree with Dung’s
semantics, if the value of any attacker of X is 1, we want the value of X to
be 0. If all of the attackers of X have value 0, we want the value of X to be
1. For any other combination of values of the attackers we want the value of
X to be anything other than 0 or 1. So within the traditional semantics but
taking the extended set of values of the unit interval, we can think of a single
attack by a node with value v as the order-reversing operation which returns
the value 1 — v. This is a kind of negation.* Since a node can have multiple
attacks, we also need an operation to combine the values of the attackers.
We can think of this as a type of conjunction, which numerically can be ob-
tained through several operations. For instance, in fuzzy logic, the standard
semantics of (weak) conjunction is given by the operation min.

FIGURE 3. Multiple attacks on a node.

Therefore, the value of a node X can be defined as

VX) =, min {1-V{Y)}

which is equivalent to

VX)=1- max (V(Y))

obtained by our now familiar schema E¢,.x. Note that the conjunction oper-
ation in the schema FE¢;,, is product. The operations min and product are two

4If we make und equals L then an attack by a single undecided node will have value 1 3



examples of t-norms. They are two instances of functions that are particularly
suitable for argumentation semantics. The following definition elaborates on
this further.

Definition 1.2. A function g with domain being the family of all finite se-
quences of elements from U and range U is argumentation-friendly if g sat-
isfies the following conditions.

(1) @) =1
(T2) g(1;A) = g(A)°
(T3) g({x1y . s yee oy Yoy @n)) = g({(T1, o Yy oy Ty ey X))
(T4) g(A) =0 if and only if 0 € A
(T5) g(A) =1 if and only if v = 1 for every x € A
(T6) g is continuous as a multi-variable function®
Example 1.3. Below are some examples of argumentation-friendly functions:
(1 ifA=2
L g(8) = { min{z;}, f A= {(r1,...,2,)

1, fA=0g
2. 9(A) = { B —20), f A= (21, 20)
3. ga(A) = (1-)) min{%,g(A)} + )\max{%,g(A)}, for any g satisfying
(T1)-(T6).

Later on, we will see that argumentation-friendly functions will be used
both to calculate aggregation of attacks as well as for combining the value
of attacks with initial values. However, as we mentioned attack is a type of
negation and hence when operating on the attack of a node with value v, we
will consider the complement of v to 1, i.e., (1 —v).

Notice that t-norms satisfy conditions (T1)—(T4) above.

Definition 1.4. For any assignment of values v : S —— U define the sets
in(v) ={X € dom v | v(X) =1} and out(v) = {X € dom v | v(X) = 0}.

Theorem 1.5. Let N' = (S, R) be a network, g an argumentation-friendly
function, and T a system of equations written for N', where for each node X,
V(X) = gyecanx)({1 = V(Y)}). Take any solution V' to T, it follows that
in(V) is a complete extension.

Proof. Suppose that in(V) is not conflict-free. Then there are X,Y € in(V),
such that (X,Y) € R. Since Y € in(V), then V(Y) = 1 = gweanry)({1 —
V(WV)}). But X € Att(Y) and X € in(V), and hence V(X) = 1. It then
follows by (T4) that g({...,0,...)) =0 and hence 1 # 0, a contradiction.
Now suppose that X € in(V). We show that for all Y € Att(X) there
exists Z € in(V), such that (Z,Y) € R. If V(X) = 1, then gycaux)({1 —

5The values of g for any sequence containing the value 1 is the same as the value of g for
the subsequence without the 1.

6In fact, this condition is only needed to guarantee the existence of solutions to the
equations.



V(Y)}) = 1 and then by (T5) it follows that 1-V(Y) =1, for all Y € At¢(X)
and hence V(Y) =0 for all Y € Att(X). Take any such Y. Since V(Y) =0,
we have by (T4) that for some W € Att(Y), V(W) = 1. It then follows that
W e in(V). d

Theorem 1.6. Let NV = (S, R) be a network, g an argumentation-friendly
function, and T a system of equations written for N', where for each node X,
V(X) = gveanx){1 =V (Y)}. Then for every preferred extension Ex of N,
there exists a solution V to T such that

(Cl) If X € Epr, then V(X) =1

(C2) If Exy = X, then V(X) =0

(C3) If X € Enr and Exr /A X, then 0 < V(X) < 1

Proof. Let us start by partitioning the set S using Er into three sets A; =
En, Ao ={X € S| Exy — X}, and A, = S\(A¢ UA;). Note that the
elements of A, are the undecided elements in S with respect to Exr. Each
element of A, is not attacked by any element of A; and its attackers cannot
all come from Ay, i.e., at least one attacker comes from A,, itself. Consider the
argumentation network (A, R[A,). Write a system of equations T, using g
for (A, RIA,). For each X € A,, the equation is

Vu(X) = gvea, st. v.x)eria 1l = Vu(Y)}

By Brouwer’s theorem, the above equations have a solution V,,.” To be clear
V.. is defined on A, giving values V,(X), such that for every X € A,,
Viu(X) = gvea, st. (v.x)eria, 11— Vu(Y)}
We are seeking however a solution V' defined for all of S = AqgUA]UA,,
which satisfies the system of equations T for (S, R):
V(X) = 9YeAtt(X){1 - V(Y)}
Furthermore, we want V' to be such that V(X) =1 for X € Ay, V(X) =0,
for X € Ap and V(X) € (0,1) for X € A,. We now define such a solution
V. Let
V(X)=1, for all X € A,
V(X) =0, for all X € Ag
V(X) =V, (X), forall X € A,
We have to show now that V' indeed solves the system of equations T’
for (S, R). Take X € S:

Case 1: X € A;. We defined V(X)) = 1. We need to show that 1 = gy cae(x)
{1 =V (Y)}. Since X € Eps, then all of its attackers are in Ay, and then
V(Y) = 0 (by definition), for all Y € Att(X). Therefore, gycar(x){1 —
V(Y)} =1, by (T5).

"The Euclidean version of the theorem states that if g is a real-valued function, defined
and continuous on a bounded closed interval I of the real line where g(z) € I, for all z € I,
then g has a fixed-point. In our case, there are n = |S| variables in the network (S, R),
which we can associate with the vector X. We can then see each equation as 7 = ?( ),
where ¢ is a continuous function on the n-dimensional space [0,1]™ (see Theorem 1.2 in

[21]).



Case 2: X € Ag. We defined V(X)) = 0. We need to show that 0 = gy cae(x)
{1-V(Y)}. Since E)y — X, then there exists Y € At¢(X), such that Y € A;.
By definition, V(Y') = 1, and then gy casu(x){1 — V(Y)} = 0, by (T4).

case 3: X € A,. We defined V(X) = V,(X) = gyea, st (v,X)eRIA 1] —
Vu(Y)}. We need to show that gy canx){1 =V (Y)} = gvea, st. (v,.X)eRIA,
{1-V,(Y)}. We noted above, that X € A, implies that none of its attackers
belong to Ay and therefore any remaining attackers Z not in A, must be in
Ay. By definition, V(Z) = 0, therefore 1 — 0 = 1 and by (T2), such values
can be safely deleted in the calculation of gy eaw(x){1 — V(Y)}. Therefore,
deleting all such values will show that gyea, st. (v,x)eria 11 — Vu(Y)} =
Iyea,un, st. (v,x)eril — Vu(Y)}

Having shown that V' above solves the system of equations T', we can
use Theorem 1.5 to show that in(V') is a complete extension. We now ask
whether any of the values V,,(X), for X € A,, can be 0 or 1. The answer is no,
for if V,(X) =1 for any X € A, then V(X) =1 and then X € in(V)\Ey,
which is impossible, since Exr is a preferred extension. Analogously, we can
only get V(X) = 0 for some X € Delta,, if for some of its attackers Z €
Ay, V(Z) = 1, which as we mentioned is impossible. This completed the
proof. O

The condition of preferred extension of the Theorem 1.6 is necessary, as
shown in the example below.

Example 1.7. Consider the complete extension E = {X} of the network below.
E is not preferred, since E is a proper subset of {X,W}.

ST o oS b))

-~ -~

The network generates the following equations.

V(X) = 1-V(Y) (1)
V(y) = 1-V(X) (2)
viw) = 1-V(2) 3)
V(z) = ({1 -V(W),1-V(2)}) (4)

Since V(X) =1, we get that V(YY) = 0 and these values satisfy equations (1)

and (2) above. However, replacing (3) in (4) gives us
V(2)=9(V(2),1-V(2))

If g is product, this gives us V(Z) = V(Z) - (1 — V(Z))), and hence 1 =

1-V(Z) .. V(Z) =0, and hence V(W) = 1, and therefore no solution

corresponding to E using g exists. Note that the two preferred extensions

{X, W} and {Y,W?} include W. No extension can include Z.
However, with g as min, we have that (4) becomes

V(Z)=min({1-V(W),1 -V (Z)})



and for this set of equations, the values V(X) =1, V(Y) =0, V(W) =
V(Z) = % form a solution corresponding to E.

The loop in the example above is quite elucidating. Let us analyse it in
some more detail.

Example 1.8. Consider the network with a single self-referencing loop below.

)

The network generates the equation:

V(X)) = g({1-V(X)})
Notice that g({1 — V(X)}) = 1 — V(X) and hence we have that V(X) =
1-V(X) . V(X) = %, whatever the function g is, as long as it satisfies
(T1)-(T5).

Note that min satisfies (T1)—(T4). As a result, we have that:

Corollary 1.9. Let N = (S, R) be a network and T a system of equations
written for N, where for each node X, V(X) = minycawx){1 — V(Y)}).
Take any solution V to T. It follows that in(V') is a complete extension.

This follows from Theorem 1.5. What it means is that any solution to
the system of equations defined in terms of E¢n.x can be translated into a
complete extension simply by defining that extension as the set containing
the nodes whose solution values are 1. Obviously, different solutions will give
rise to different extensions.

Proposition 1.10. Let N' = (S, R) be a network and T a system of equations
written for N', where for each node X, V(X) = miny c ay(x)({1—=Y}). Then
for every complete extension E of N, there exists a solution V to T satisfying:
(Cl) If X € E, then V(X) =1.

(C2) If E — X, then V(X) = 0.

(C3) If X¢FE and E 4 X, then 0 < V(X) < 1.

Proof. Let E be a complete extension. Consider the following assignment of
values to the nodes in S:
o if X e E then V(X) =1
e if E— X, then V(X)=0
e V(X) = 3, otherwise
We now show that the values above form a solution to the system of equations
T. As in Theorem 1.6, replacing the above values in the original system of
equations will reduce them to the following types.
(1) 1 =min(A;)
(2) 0 =min(As)
(3) I =min(A3)

2



We have seen that A; = {1} and since 1 = min({1}), (1) is satisfied. Similarly,
0 € Ay and since min({0,...}) = 0, so is (2). Notice that the image of V'
is {0, %, 1}. All values in Ag are greater than 0, but at least one of them
is %, therefore min(Ag) = %, and hence the above assignment solves the
equations. (I

So far, we have shown the basics of the equational numerical approach
to abstract argumentation frameworks. In the next section we consider two
additional developments that follow naturally. Firstly, we know that solutions
do exist to the system of equations, but can we find them using some numer-
ical method? For example, by applying iterations given some initial guess?®
Secondly, we would like to apply our methodology to questions of merging,
voting, or any other application where a set of initial values emerges and
needs to be transformed to the “closest” extension. How can we do that? The
following section provides a method to answer these questions.

2. The Gabbay-Rodrigues Iteration Schema

Suppose we are given initial values which do not correspond to any extension
in the way that we presented them in the previous section. These values may
come attached to the nodes for different reasons. For instance, the arguments
themselves may be expressed as some proof in a fuzzy logic and the initial
values can represent the values of the conclusions of the proofs, or they can
be obtained as the result of the merging of some networks, or they may come
from some voting mechanism, etc. Whatever the reason, the initial values
may or may not correspond to a complete extension in Dung’s sense and we
seek a mechanism that would allow us to find the “best” possible extension
corresponding to them.

Consider the equation Fquax:

(Eqmax) V(X)=1- maXYieAtt(X){V(Yi)}

Egmax is satisfied when the value of the node X is legal (in Caminada
and Pigozzi’s terminology [7]). That is, if the value of X is 1 and the value
of all of X’s attackers are 0; or if the value of X is 0 and at least of one X’s
attackers has value 1; or if the value of X € (0,1) and at least one of X’s
attackers has value in (0,1) and no attacker of X has value 1. If we aim to
correct the values of the nodes in a network iteratively, we need a mechanism
that leaves legal in, out and und node values intact, changing illegal in or out
values into und.? To make a distinction between these classes of values, we
will call the values in {0,1} crisp and the values in (0,1) undecided.

Now consider the following averaging function:

(1-X) ~min{%,1 —maxYeAtt(X)Y} JrX-maX{%,l 7H1&Xy6Att(X)Y}

For legal assignments of values, we have three cases to consider:

8As can be done to find the square root of numbers using Newton’s method.
9We will come to the correction of illegal und nodes later.



(L1) X is legally in. In this case X = 1 and all of its attackers have value 0.
We want the value of X to remain 1. We have that:

1 1
— -min< -, 1 — max + X -maxq -,1 — max
1-X i 1 Y X 1 Y
2 Y €Att(X) 2 Y €A#t(X)

1 L 1
-maxq =
2’

(L2) X is legally out. In this case X = 0 and at least one of its attackers has
value 1. We want the value of X to remain 0. We have that:

1 1
1 -ming—-,1— max Y ,+ X -max<¢—-,1— max Y
2 Y €At (X) 2 Y €Att(X)

1 1
1m1n{2,0}—|—0max{270}
= 0

(L3) X is legally und. In this case 0 < X < 1, none of its attackers has
value 1 and at least one of its attackers has value greater than O.
This means that 0 < maxycaux)Y < 1 and therefore 0 < (1-
maXy e Att(X) Y) < 1. Let a3 = min {%, 1- maXy e Att(X) Y} and ag =
max{%, 1 — maxy ¢ a¢(x) Y}. It follows that 0 < oy < 1 and 0 < as <
1. We want the value of X to remain undecided, although we are pre-
pared to accept changes to its initial value as long as its final value
remains in the interval (0,1). We have that:

1 1
(I1-X) ming-,1— max Y,+X -maxq-,1—-— max Y
2 Y €At (X) 2 Y €Att(X)
(17X)'0[1+X'042 =
al_X'a1+X'a2 =

=1

ag—X- (g —aw) = kK

Notice that a; < % and oy > %, therefore ag £ a1. If ay = o, then

K=aqQ1 andhence0<n§%.Ifal<a2,then0<a1<%anda2:%.
Therefore, —% < (a1 — ag) < 0. Tt then follows that 0 < a; < k < %
and therefore the value of X remains in (0, 1).

What (L1)-(L3) above give us is that legal labellings are preserved.!’
Later on, we shall see that our iteration schema also eventually corrects all
illegal values. It does so in two stages. In the first stage, all illegal crisp values
are turned into undecided (this is done in ¢ < |S| iterations). In the second
stage, all remaining illegal undecided values converge to whatever legal crisp
values they should be, so that in the limit, all of the values in the sequence are
legal. Therefore, the Gabbay-Rodrigues Iteration Schema introduced below

10Tegal undecided values may change, although they remain in the undecided range (by
(L3)).



provides a numerical iterative method to turn any initial illegal assignment
of values to arguments into its closest legal assignment.!*

Definition 2.1. Let N = (S, R) be an argumentation network and Vo be an
assignment of values to the nodes in S. The Gabbay-Rodrigues Iteration
Schema is defined by the following system of equations T, where for each
node X € S, the value V;11(X) is defined in terms of the values of the nodes
n V; as follows:

Vit (X) = (1= Vi(X)-min {1,1 — maxycance, Vi(Y)} +

T
Vi(X) - max {§,1 — maxycanx) Vi(Y)} -

We call the system of equations for N using the above iteration schema
its GR system of equations.

We ask whether we can regard the iteration schema above as an equation
schema as in the previous section, i.e.,

X = (1—X) -min {1, 1— max Y}—l—X-max {17 1— max Y} (GR)
2 Y €Att(X) 2 Y €Att(X)

To further clarify this point, let us take an equation written with an
argumentation-friendly function g for a node X in terms of its attackers. The
equation would be

X = g(Uyeanx){1 —Y})
It is clear that if one of the attackers of X is 1, the value of X solves to 0,
and if all the attackers of X are 0, the value of X will solve to 1. This follows
from the properties (T1)—(T5) of an argumentation-friendly function. Now
let us compare and see what happens when we use the formula above. If the
value of one of the attackers of X is 1, the first component of the sum will be
0, whereas the second component will be %, because the equation is implicit,

we have the equation

X
X =—
2

which solves to X = 0, which is correct. If the values of all attackers of X
are 0, then we get the equation

X)

(1 -
X=X
S+

which solves to X = 1, which again gives a correct result. Otherwise, assume
that the values of all attackers are either O or %, with at least one of them
being % We get the equation

c_(1-X% X

2 2

which again solves to the correct value of X = % By correct we mean that
the results are exactly compatible with the Caminada labelling mentioned in
Section 1, where X = 1 means X is in, X = 0 means X is out and X = %
means X is und.

11 The precise definition of “closest” will be made clear in Theorem 2.37.



Therefore, the Gabbay-Rodrigues schema remains faithful to the spirit
of Dung’s semantics captured through the legal Caminada labellings just as
FEqunax does. Its advantage over Fqnax is that it can be used iteratively as we
will show in the rest of this section. 2

We start by showing some properties of the schema. The first one ensures
that the values of all nodes remain in the unit interval in all iterations.

Proposition 2.2. Let N = (S, R) be an argumentation network and Vg : S —
U an assignment of initial values to the nodes in S. Let each assignment V;,
i > 0, be calculated by the Gabbay-Rodrigues Iteration Schema for N. It
follows that Vi(X) € U, for alli >0 and all X € S.

Proof. The base of the induction is the initial value assignment that holds
trivially. The induction step is proven by looking at the maximum and min-
imum values that the nodes can take and showing that the sum in the iter-
ated schema is always a number in U. Now, suppose that indeed for all nodes
X €5,0<Vi(X) <1, for a given iteration k. Pick any node X. It follows
that

. 1
Via(X) = (1= Vi) min {51~ max V() | +
1
X) - -1 Y
Vi(X) maX{2a YEHﬁ?t’mek( )}

So we have that Vi11(X) = (1—a)-z+a-y, where 0 < a < 1,0 < (1—-a) <1,
0§x§%,and%§y§1.

The lowest value for Vi 1(X) is obtained with the lowest values for x and
y, when we get that Vi 1(X) = §. If @ = 0, then V311 (X) =02>0.Ifa = 1,
then we get Vj11(X) = 2 < 1. The highest value for Vj1(X) is obtained

with the highest values for z and y, when we get that Vi 1(X) = @ + a.
If & =0, then Viy1(X) = 2 < 1. If a = 1, then we get Viy1(X) =1<1.In
all cases, 0 < Vi1(X) < 1. O

We now show that a given “legal” set of initial values for the nodes in
S satisfies the equations and hence the values remain unchanged.

Proposition 2.3. Let N = (S, R) be a network and T its GR system of equa-
tions. Then for every complete extension E of N and all X € S, if Vg is de-
fined using E by the clauses (C1)-(C3) below, we have that V1(X) = Vo(X).
(C1) If X € E, then Vo(X) = 1

(C2) IfE — X, then Vo(X) =0

(C3) If X ¢ E and E # X, then Vo(X) = 3

Proof. Let E be a complete extension and suppose Vo(X) = 1. Then X € E
and hence, i) either Att(X) =@, or i) for all Y € Att(X), E — Y (since E

12As an equation, we can regard the expression (GR) just as another type of g, a special
€4GR-



is admissible). As a result, 1 — maxyca4(x){V(Y)} = 1, and hence we have
that

Vi(X) = max{;,l} — 1= Vp(X).

If on the other hand, V5(X) = 0, then £ — X. Therefore, there exists some
Y € Att(X), such that Y € E and hence V5 (Y') = 1. It follows that

Vi(X) = min{;,l _ 1} — 0= Vi(X).

Finally, if V5(X) = 1, then X ¢ E and E 4 X. We must have that for
all Y € Att(X), Vo(Y) < 1 (otherwise, we would have that £ — X). We
must also have that for some Y € Att(X), Vo(Y) > 0, otherwise E would
defend X and since it is complete X € E, but then Vp(X) = 1. Therefore,
I —maxyecapx){V(Y)} = %, and hence we have that

1 11) 1 11 1.1 1
X)=Z.1mi J— —. oy =4+ == = X).
X =3 mm{2’2}+2 maX{2’2} 1t1=3 =W

Obviously, if for all nodes X, V1(X) = Vo(X) as above, then for all
nodes X, V;11(X) = V;(X), for all i > 0.

Furthermore, crisp values do not “swap” between each other and unde-
cided values do not become crisp:

Theorem 2.4. Let N = (S, R) be an argumentation network, T a system
of equations for N using the Gabbay-Rodrigues Iteration Schema, and Vy :
S —— U an assignment of initial values to the nodes in S. Let Vg, Vi, Vo,

. be a sequence of value assignments where each V;, i > 0, is generated by
T. Then the following properties hold for all X € S and for all k > 0

1. If Vi(X) =0, then Vi1(X) # 1.

2. Ika(X) = 1, then Vk+1<X) 7’5 0.

3. If0 < Vi(X) < 1, then 0 < V11(X) < 1.
Proof.

1. Suppose Vi (X) = 0, then Vi 41(X) = min {%, —maxy e ap(x) Vi(Y } <
1
5.

2. Suppose Vi (X) = 1, then V41 (X) = max {%7 maxy ¢ az(x) Vi(Y } >
1
§.

3. Suppose 0 < Vi(X) < 1. We first show that V}41(X) > 0. Note that

k
0 < (1 = Vi(X)) < 1. Therefore, we have that

1
X) = (1-Vu(X)) -mind-.1— -y
Vi1(X) (1—Vi(X)) mln{Q, yéﬂ?ﬁfmm )}+

1
X) - -, 1- (Y
Ve(X) maX{gv e Vil >}



It is easy to see that the first component of the above sum is greater
than or equal to 0, whereas the second is strictly greater than 0, and
hence Vi11(X) > 0.

Since we start with values in U, Proposition 2.2, gives us that
Vit1(X) < 1, for all X € S. We therefore only need to show that
Viet1(X) # 1. Again we have that Vi41(X) = (1 —a) -2+ a -y, where

O0<axl
0<(l—-a)<1
1

0<ae< =
STy

1

S<y<i1
5SY<

Suppose Vj11(X) = 1. It follows that

l-a)-z4+a-y = 1
r—a-r4+a-y = 1
aly—z) = (1-x)
1—-2z
« =
y—x
Since a < 1, we have that 1—z < y—=z, and hence y > 1, a contradiction.

O

The above theorem shows that any changes between iterations can only
generate new values for nodes in the interval (0, 1), i.e., successive iterations
can only turn crisp values into undecided. Therefore, the sets of nodes with
crisp values can only decrease throughout the iterations:

Corollary 2.5. Let N' = (S, R) be an argumentation network, Vo : S — U
an initial assignment of values to the nodes in S and T its GR system of
equations. It follows that for all 0 < i < j, in(V}) C in(V;) and out(V;) C
out(V;).

The situation in the limit of the sequence of values is more complex and
we will deal with it later. If between two successive iterations there are no
changes in the crisp values, then these values “stabilise”

Theorem 2.6. Let N' = (S, R) be a network, T its GR system of equations,
and Vy an initial assignment of values to the nodes in S. Let Vo, Vi, Vo, ...
be a sequence of value assignments where each Vi, i > 0, is generated by T'.
Assume that for some iteration i and all nodes X € S such that V;(X) €
{0,1}, we have that Vi1(X) = Vi(X), then for all j > 1, V1 ;(X) = Vi(X).

Proof. Assume that V;(X) € {0,1} for some node X. There are two cases to
consider.



Case 1: V;(X) = 0. By assumption, we have that V;;1(X) = 0. We show that
Vita(X) =0. If V;11(X) = 0, we have that

VealX) = (1= %0) min {51 - max (O} +

2 Y €Att(X)

1
(X)) - g (Y
Vi(X) maX{T Yeﬂ/}gggx){‘é( )}}

0 = min{;,l— max_ {V;(V )}}

Y €Att(X)

So, maxy ¢ at(x){Vi(Y)} = 1 and hence for some Y € Att(X), V;(Y) = 1. By
assumption V;;1(Y) =1 and hence maxy ¢ ay(x){Vi+1(Y)} = 1. Therefore,

. 1
Viga(X) = mln{z, 1- Yelfi}f&lt)((X){m+l( )}} =0

Case 2: V;(X) = 1. By assumption, we have that V;;1(X) = 1. We show that
Vigo(X) = 1. If V;11(X) = 1, we have that

V) = (1= %0) min {51 max (O} +
Vi(X) - max {;, 1-— Yerﬁg}({){){vi(Y)}}

1 = max{;,l— max {%(Y)}}

Y €Att(X)

So, maxy e au(x){Vi(Y)} = 0, and hence for all Y € Att(X), Vi(Y') = 0. By
assumption, maxy ¢ a¢(x){Vi41(Y)} = 0, and hence

Via) =max{ 51— max (Va()} =1

Y EAtE(X)

O

Definition 2.7. Let N' = (S, R) be an argumentation network and Vg : S — U
an assignment of initial values to the nodes in S. A sequence of assignments
Vi : 8§ +—— U where each © > 0 is generated by the Gabbay-Rodrigues Iteration
Schema for N' becomes stable at iteration k, if for all nodes X € S we have
that

1. If Vi(X) € {0, 1}, then Viy1(X) = Vi(X); and
2. k is the smallest value for which the condition above holds.

Note that if Vi(X) € (0,1), then Vi11(X) € (0,1), for all & > 0, by
Theorem 2.4.

Corollary 2.8. Consider a sequence of value assignments Vo, Vi, Vo, ...as
described in Theorem 2.6. If the sequence becomes stable at iteration k, then
the sequence remains stable for all iterations k + j, j > 0.



Proof. The first stability condition in Definition 2.7 follows from Theorem 2.4
and the second condition follows from Theorem 2.6. O

Corollary 2.9. Let N' = (S, R) be an argumentation network, Vo : S — U
an assignment of initial values to the nodes in S and T its GR system of
equations. The following hold:

1. If the sequence of value assignments is not stable at iteration k, then
there exists X € S, such that Vi(X) € {0,1} and Vi1+1(X) € (0,1).
2. Let |S| = n. Then, the sequence is stable for some k < n.

Proof. (1) follows from Theorem 2.4. For (2), notice that each iteration 4
which is not stable causes at least one node to change value from {0,1} into
(0,1). Theorem 2.4 states that all values in (0,1) remain in (0,1). Since S
is finite, there are only finitely many nodes that can change from {0, 1} into
(0,1) and the number of iterations in which this can happen is bounded by

19). O

Corollary 2.9 shows that for some value 0 < k < |S], the sequence of
value assignments V5 (X), V1 (X), Va(X), ... eventually becomes stable. That
is, there exists k > 0, such that for all j > 0 and all nodes X

o if Vk(X) = 0, then Vk+j = 0;
o if V(X) =1, then Viy; =1; and
o if Vi (X) € (0,1), then Vi1, € (0,1).

Remark 2.10. Given an argumentation-friendly function g, we can define the
Gabbay-Rodrigues Iteration Schema for g, denoted by GR(g), as follows.

Vin(X) = (1= %) min {500y eanon (1= V0D | +

V00 max { 1 0(Creanon 1L - HD

If we further assume that g satisfies the optional condition

(T6) If for all x € A, we have that x < 1 and for some x € A, x > 0, then
g9(A) € (0,1).

Then the above sequence of definitions and theorems in this section still holds

if we replace GR by GR(g).

The above discussion laid out the properties of the Gabbay-Rodrigues
Iteration Schema. In what follows we shall apply it to the following question.
Suppose we have an argumentation network (S, R) with associated equations
and an initial assignment f : S +—— U. f may come from a single agent who
insists on giving certain values to the arguments of S; or f may be the result
of merging several argumentation frameworks with the nodes in S (through
some well-defined process, e.g., voting); or f may arise from any other process.
Our problem is to find the function f’, closest to f, which also corresponds
to an extension of (S, R) (for example, solves the equations generated from
(S, R)). Now, what do we mean by “closest”? Following Caminada and Pigozzi



[7], we take the view that “closest” means agreeing on the maximal number
of nodes with f-values in {0,1}. In what follows, we show how to find such
an assignment f’, through the Gabbay-Rodrigues Iteration Schema.

Theorem 2.11. Let (S, R) be a network and f : S — U an assignment of
values to the nodes in S. Then there is an assignment h : S —— U such that

the sets in(h) C in(f) and out(h) C out(f) are mazimal and for every node
Xes:

If h(X) = 1, then maxy c ay(x){M(Y)} = 0; and (5)
If h(X) = 0, then maxycau(x){h(Y)} = 1. (6)
Proof. The proof is analogous to the proof of Theorem 5 in [7].
Take any two assignments g; and g such that for all X € S:
e g1(X) =0 implies f(X) =0 and g2(X) = 0 implies f(X) = 0; and
e g1(X)=11implies f(X) =1 and ¢g2(X) =1 implies f(X) =1

and

If g1(X) = 1, then maxy ¢ a¢(x){91(Y)} = 0; and (7)
If go(X) = 1, then maxy ¢ a¢(x){92(Y)} = 0; and (8)
If g1(X) = 0, then maxy ¢ a¢(x){91(Y)} = 1, and (9)
If g2(X) = 0, then maxy ¢ a(x){92(Y)} = (10)

)

It follows that in(g1) C in(f) and out(g1) C out(f); and m(gg) Cin(f
and out(gs) C out(f).
Let us construct an assignment h : S —— U, such that for all X € S:

BX) = 1iff max(g) (X), go(X)) = 1 (11)
H(X) = 0 iff min(gy (X), g2(X)) = 0 (12
h(X):%iﬂ’O<g1(X)<1and0<g2(X)<1 (13)

We now show that the assignment & is a well-defined function and that
in(h) C in(f) and that out(h) C out(f). It is easy to see that every node
X gets at least one value h(X). We need to show that for every node X,
this value is unique and that the above inclusions are satisfied. From (13),
it is easy to see that h(X) is equal to % if and only if both g1(X) € (0,1)
and g(X) € (0,1). To show inclusion, suppose X € in(h). Then h(X) =1
and hence max(g1(X),g2(X)) = 1. Either ¢1(X) = 1 or g2(X) = 1 (or
both), and hence f(X) = 1. Therefore X € in(f). To show that h(X) is
unique in this case, it is sufficient to show that min(g;(X),g2(X)) > 0.
Suppose min(g; (X), g2(X)) = 0, then either g;(X) = 0 or ¢g2(X) = 0, in
which case f(X) = 0, a contradiction, since f is a function. Analogously,
if X € out(h), then h(X) = 0 and hence min(g;(X), g2(X)) = 0. Then ei-
ther ¢g1(X) = 0 or g2(X) = 0 (or both), and hence f(X) = 0. Therefore,
X € out(f). To show that h(X) is also unique in this case, it suffices to show



that max(g1(X), g2(X)) < 1. Suppose that max(g1(X), g2(X)) = 1, then ei-
ther g1(X) =1 or g2(X) = 1, in which case f(X) = 1, a contradiction, since
f is a function.

We now show that h satisfies (5) and (6).

Suppose h(X) = 1. By construction, max(g;(X), g2(X)) = 1. It follows
that i) either X € in(g1), and then by (7), maxycas(x){91(Y} = 0. This
means that for every Y € Att(X), g1(Y) = 0. By (12), for every Y € Att(X),
h(Y) = 0, and hence maxycanx){h(Y)} = 0; or i) X € in(g2), and
then by (8), maxycan(x){g2(Y} = 0. By (12), for in(g2) is also admissi-
ble, Y € out(gs), and hence for every Y € Att(X), h(Y) = 0, and hence
again maxy e 4 (x){h(Y)} = 0. This shows that h satisfies (5).

As for (6), suppose h(X) = 0, then by the construction of h either
91(X) =0 or g2(X) = 0 (or both). The two cases are identical. We consider
only the case g1(X) = 0. By (9), maxycau(x){91(Y)} = 1, and hence for
some Y € Att(X), g1(Y) = 1. By (11), we have that A(Y) = 1 and then
maxYeAtt(X){h(Y)} =1.

Note that in(g1) C in(h), out(g1) C out(h), in(g2) C in(h) and out(ge) C
out(h). Therefore, since every g1 and go satisfying (7)—(10) give rise to a func-
tion h as described, and the number of all such functions is finite, then there
exists one such h that the sets in(h) and out(h) are maximal. O

Corollary 2.12. Let (S, R) be a network and f : S — U an assignment of
values to the nodes in S and h : S — U the assignment such that the sets
in(h) Cin(f) and out(h) C out(f) are mazimal and for every node X € S:

If h(X) = 1, then maxy ¢ au(x){h(Y)} = 0; and (14)
If h(X) =0, then maxy ¢ ap(x){h(Y)} = 1. (15)

as given by Theorem 2.11. Then the set in(h) is the largest admissible subset
of in(f) such that also out(h) C out(f).

Proof. in(h) is conflict-free: if you take X € in(h), then h(X) = 1 and
then maxy ¢ a¢(x){(Y)} = 0. Therefore, either Att(X) = @; or for all Y €
Att(X), h(Y) =0, and hence Y & in(h).

To show that in(h) is admissible, we just need to show that if X € in(h)
and Y € Att(X), then there exists Z € Att(Y'), such that Z € in(h). Assume
that X € in(h) and Y € Att(X). By definition, h(X) = 1, and then by (14),
maxyy, c v (x)1(Wz)} = 0, and hence h(Y) = 0. By (15), maxw, cau(y)
{h(Wy)} = 1. Therefore, there exists Z € Att(Y'), such that Z € in(h).

The fact that in(h) is the largest subset of in(f) subject to out(h) C
out(f) comes directly from Theorem 2.11. O

Remark 2.13. Consider the following network.

5o o
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There is no largest admissible subset of E = {X,Y}! There are two
maximal admissible subsets E1 = {X} and Ey = {Y'}, so the requirement
that “no new out nodes are generated” is very important in Theorem 2.11.
In terms of assignments (or labellings for that matter) this was expressed as:
out(h) C out(f).*?

If we are given an assignment f(A) = 1 and f(B) = 1, there is a class of
assignments h such that the sets in(h) C in(f) and out(h) C out(f) are the
largest. For instance, h(A) = h(B) = 5. In the example above, it is sufficient
to set 0 < h(A) <1 and 0 < h(B) < 1 (we chose the value 1 in Theorem 2.11
simply because we wanted to show that one existed and because as we shall
see the legal undecided values will end up converging to %)

Note, in particular that the assignment f does not satisfy the conditions
of Theorem 2.11 (which guarantee by Corollary 2.12 that in(f) is an admissi-
ble set). We could turn f into an admissible assignment by just flipping one of
the values of A or B to 0. However, if we did this, for instance, by generating
the assignment f'(A) =1 and f'(B) = 0, then although in(f") is admissible
and in(f") Cin(f), we would not have that out(f') = {B} C out(f) = &!

This is as it should be, because an initial assignment f encodes not only
which nodes we would like to be in, but also those that we would like to be out,
and we cannot decide without further information to optimise on the in’s in
detriment of the out’s.

Theorem 2.14. Let N' = (S, R) be a network and T its GR system of equa-
tions. If the sequence of values Vg, Vi, ...becomes stable at iteration k,
then in(Vy) is the largest admissible set such that in(Vy) C in(Vy) and
out(Vy) C out(Vp).

Proof. We first show that in(V%) is an admissible set.

1. Suppose in(Vy) is not conflict-free. Therefore, there must exist X,Y €
in(V}), such that (Y, X) € R. Since X,Y € in(Vy), Va(X) = Vi (Y) = 1.
Vir1(X) = max{%,l—maXyEAtt(X) Vk(Y)} = %7 and then the se-
quence is not stable at k, a contradiction. Therefore, in(V%) is conflict-
free.

2. Suppose in(V}) is not admissible. It follows that there exists X € in(V};)
and some Y € S with (Y, X) € R, such that in(Vy) 4 Y. Since X €
in(V), then V3,(X) = 1 and since the sequence is stable at k, Vj,11(X) =
1 = max {%, 1 — maxyyeare(x) Vk(W)}. Therefore, maxyy ¢ a(x) Vi (W)
= 0. In particular, V;(Y) = 0, and hence Viy1(Y) = min{3,1—
maxze ar(v) Vi(Z)} = 0, and therefore there exists Z € Att(Y), such
that V4(Z) = 1, and hence Z € in(V}), and hence in(Vy) — Y, a
contradiction. Therefore, in(V}) is admissible.

Now we need to show that in(V}) is indeed the maximal admissible set such
that in(Vy) C in(Vp) and out(Vy) C out(Vp). By Theorem 2.11, there are
unique maximal sets in(Viaz) C in(Vy) and out(Viee) € out(Vy) such that

131f we are given just £, we may want to think of an assignment f such that in(f) = E
and out(f) = {X | E — X}, leaving the nodes in S\ (in(E)Uout(E)) with a value in (0, 1).



in(Vinaz) is admissible. Furthermore, in(Viaz) 2 in(Vi) and out(Viaz) 2
out(Vy). Suppose either in(V}) or out(Vy) are not maximal and let 0 < j < k
be the first index such that there is some X € in(V,,45), such that X ¢ in(V;)
or that there is some Y € out(Vinas) such that ¥ & out(V;) (or both).
We start with the first case. Since X € in(Vinas), then X € in(V;_1) and
hence V;_1(X) = 1. Since X ¢ in(V;), then V;(X) < 1. It follows that
V;j(X) = max{%,1 —maxycaux)Vj—1(Y)} < 1. Therefore, there exists
Y € Att(X), such that V;_1(Y) > 0 and hence Y ¢ out(V;_1). Since in(Vqz)
is admissible, Y € out(Vi4.) and this is a contradiction with the fact that
j was the first index such that there was some Y € out(Vina.) such that
Y & out(Vj) .

The second case is analogous. Take Y € out(Vpq,) such that YV &
out(V;). Since Y € out(Vipqs), then Y € out(V;_1) and hence V;_1(Y) = 0.
Since Y ¢ out(V;), then V;(Y) > 0. It follows that V;(Y) = min{},1 —
maxzeaw(y) Vj—1(Z)} > 0. Therefore, for all Z € Att(Y) we have that
Vj—1(Z) < 1 and hence there isno Z € Att(Y'), such that Z € in(V;_1). Since
Y € out(Vinas), there must be some Z' € Att(Y), such that Z’ € in(Vinaz),
but this is a contradiction since Z’ ¢ in(V;_1) and j was the first index such
that there was some X € in(Vipaz), such that X & in(V;). O

Remark 2.15. Given an argumentation network N' = (S, R), an argumenta-
tion-friendly function g, a system of equations T written for N using g, and
an assignment v : S — U, which represents initial desired values, then if v
corresponds to a complete extension then the above theorems tell us that the
sequence of equations Vo = v, Vi, Va,... will become stable at some iteration
k and Vi, = v. Otherwise, Vi, is the function giving the maximal possible crisp
part in(Vy) and out(Vy) agreeing with v such that the set in(Vy) is admissible.
We now have the option of extending in(Vy) into a complete extension Ecomp
that is the closest extension agreeing with in(v). If this extension is also
preferred, then it would correspond to an assignment f', which solves the
original system of equations T (by Theorem 1.6). If the extension is not
preferred, then whether such an [’ exists depends on the nature of the function
g. Some such functions, such as min can always find an [’ for every complete
extension. Others, such as product, can not always find them.'*

We will see that with the Gabbay-Rodrigues Iteration Schema, if we con-
tinue iterating, in the limit of the sequence, we will get an extension.

The following definition helps to translate between values in U and
values in {in, out,und}.

Definition 2.16 (Caminada-Pigozzi/Gabbay-Rodrigues Translation). A la-
belling function A and a valuation function V' can be inter-defined according
to the table below.

MProduct is given in Item 2. of Example 1.3. For the network S = {A,B}, R =
{(A, B),(B,A),(B,B)} and the complete extension “all undecided”, there is no solution
using product.



MX) - X[ VX)) = WwvX)
in — 1 1 — in
out — 0 0 — out
und — 3 (0,1) — und

The choice of the value % in the translation from und is arbitrary. Any

value in (0,1) would do, but we will see that legal undecided values will
converge to % in the limit, and so % is the natural choice.

Definition 2.17. A legal assignment V' is an assignment of values V : S —— U
such that the corresponding labelling function Ay defined according to Defi-
nition 2.16 is also legal.

Proposition 2.18. Let A\ be a labelling function and Vy its corresponding
Caminada-Pigozzi translation. If the Gabbay-Rodrigues Iteration Schema is
employed using Vy as Vp, then for some value k > 0, the sequence of values

Vo, Vi, ... will become stable and the sets in(Vy) and out(Vy) will correspond
to the down-admissible labelling of X.
Proof. This follows directly from Theorem 2.14 and Corollary 2.9. O

We may also arbitrarily start with V5(X) = 1 for all nodes X € S and
see if this assignment satisfies the equations. At each iteration, the equations
may force the crisp values of some nodes to turn to und. Eventually, some iter-
ation k < | S| will produce the last set of new undecided values, at which point
we say that the sequence has stabilised. We have that in(V}) and out(Vy)
correspond to the largest admissible labelling such that in(V}) C in(Vp) and
out(Vy) C out(Vp). in(Vy) can now form the basis of a complete extension.
The smallest of such (complete) extensions comes from what Caminada and
Pigozzi called the up-complete labelling of Ay, :

Definition 2.19 ([7]). Let A be an admissible labelling. The up-complete la-
belling of A is a complete labelling N s.t. in(\') 2 in(A\) and out(N') 2 out(N)
and in(\') and out(N') are the smallest sets satisfying these conditions.

If we continue with our calculations we can see what happens with
the values Vg, Vi,....,V;, ...in the limit of the sequence. We cal these the
equilibrium values. Formally,

Definition 2.20. Let N' = (S, R) be an argumentation network, T its GR
system of equations, and Vo an assignment of initial values to the nodes in
S. The equilibrium value of the node X is defined as Ve(X) = lim;_, o V;(X).

The understanding of the meaning of the equilibrium values requires an
analysis of the behaviour of the sequence. The value of a node X is essentially
determined by the values of the nodes in Att(X). At the stable point k we
know that the crisp values remain crisp. The values of the attackers of a node
at the stable point k can be of one of three types:

1. maXYeAtt(X){Vk(Y)} =0
2. maXYeAtt(X){Vk(Y)} =1



3. 0< maxYeAtt(X){Vk(Y)} <1
If the value of a node Y at the stable point & is in {0, 1}, then Theo-
rem 2.6 ensures that it will remain the same in the limit lim;_, ., V;(Y). As
it turns out, if maxyeau(x){Ve(Y)} = 0, then lim; .o Vi(X) = 1. And if

maxy e au(x)1 Va(Y)} = 1, then lim; o Vi(X) = 0, as shown by the next
theorem.

Theorem 2.21. Let N = (S, R) be an argumentation network and Vp : S —
U assign initial values to the nodes in S. Let the sequence of value assignments
Vo, Vi, Vo, ... where each V;, i > 0, is generated by the Gabbay-Rodrigues
Tteration Schema be stable at iteration k. For every X € S:

L. If maxycaux){Va(Y)} =0, then Vo(X) =1; and

2. If maXYEAtt(X){Vk(Y)} = ]., then V;(X) =0.

3. If Vi(X) € {0,1}, then V(X)) = Vi(X);

Proof. 1. If maxycap(x) Vi(Y) = 0, and the sequence is stable at k, then
by Corollary 2.8, maxy ¢ a¢(x) Vetj(Y) = 0, for all j > 0. We have that

ka(X)—<1—vk<x>>-min{;,1}+vk<x>.max{;,1}
1 Vi(X) 1 Vi(X)
“ a2 kz +VR(X) =5+ k2
Vit (X) = % + % - VkELX)
Vi (X) = Z 2% + VkQ(;,X)
k=1

~3 -t 1im VelX) 4 9=

Jj—o0 2J

So if the maximum value my, of all attackers of X at iteration k is
0, then the value of X converges to 1; and finally
2. If maxyeau(x) Va(Y) = 1, and the sequence is stable at k, then by
Corollary 2.8, maxy e a(x) Va+j(Y) =1, for all j > 0. We have that

Vear (X) = (1 — V(X)) - min {;o} + Vi(X) - max {;0}

~ Vi(X)
2
Vi(X V(X
Via(X) = ki ). Vit (X) = kz(j !
X
Vo(X) = lim V4 ;(X) = lim BX) _,
j—o00 j—oo 29

So if the maximum value my, of all attackers of X at iteration k is
1, then the value of X converges to 0.



3. This follows from the fact that the sequence is stable at k;
O

The theorem above asserts self-correction for the values of nodes whose
attackers are either all out or that have an attacker that is in. Case 3 above,
in which 0 < maxy ¢ a4 (x){Vx(Y)} < 1, is harder and will be dealt with in
stages. We start with the case of a cycle whose values of the nodes are all
in (0,1) (see Figure 4). Such cycles may involve an even or odd number of
nodes, so we have chains of attacks of one of the following types:

e either X = 7y + Zy « ...+ Zy, = X (even cycle)
e or X =71« Zy 4 ... Zoyy1 = X (0dd cycle)

The next lemma shows that in either case, the value of X in the limit is %

) ey S
) / 4%

FIGURE 4. A network with a cycle with k& nodes.

Theorem 2.22. Let the sequence of values Vy, V1, ..., be stable at iteration k.
Let X be a point such that Vi4i(X), Virit1(X), ... € (0,1), for alli > 0. Our
final aim is to show that lim;_, o Vi14(X) = % As a first step towards our
goal, we show that any converging subsequence V,CCH(X) converges to % (by a
subsequence V7, ; (X)) we mean some of the elements of the sequence Vi1;(X),
that is for every j there is an i; such that Vi, ,(X) = Vi1, (X)). From now
on we talk about the subsequence V,fH(X), which we further assume that it
converges to VE(X), for every such X, and we will show that V(X)) = %,
for every X.

To be absolutely clear we assume for the time being that there is a se-
quence of values s1, s2, 83, ..., such that for every X, the sequence V. (X)
converges to VE(X) and we show that under these conditions V(X)) = %

Consider all possible cycles X = Z1 < Zg < ... + Za, = X (even) and
X =271+ Zy ... < Zopy1 = X (0dd) and assume that amongst them
we have a cycle such that there exists a sequence of values 1, ro, ...such
that for each Z;, Z;11 is the node in Att(Z;) with mazimum value and 0 <

Ve ot ar (Zi) <1, for every m > 0. Then VE(Z;) = &, for all Z;.

Proof. Since the Gabbay-Rodrigues Iteration Schema uses continuous func-
tions, if the schema holds for the elements of the sequence V¢, ;(X), for every
X €S, it also holds for the limit V.2(X).

We get the following systems of equations



1. For the cycle X = Z1 < Zy < ... < Zy, = X:
VE(X) = (1=VE(X))min { L, 1 — VE(Y)}4VE(X)max { 1,1 VE(V)),
where Y is the node in Att(X) with maximum value. We have two cases
to consider.
e VE(Y) > 1, then we get that

c _ 1- ‘/IEC(Y)
RS

€

e VE(Y) < 3, the we get that

1

e N ]

it is easy to see from the equations that if V(Y) > 1, then V(X)) < 3
and if VS(Y) < 1, then VE(X) > 1. Therefore, if we have the cycle
X =71 Zs + ... Zy, = X, then we get that % < 7Z; < %,soall
2. For the cycle X = Zy <~ Zy < ... < Zs,411 = X, we have that

e either VS(Y) > 1. Let us write V(Y) = 5 + €(Y), for some 0 <

2
€(Y) < 4. We then get that

1-VEY)
c X €
Vex) 1.5 — VE(Y)
_ o5 —dY)
15— (3 +e(Y))
_ 3—edY)
1—€Y)
Write V&(X) = 4 —n, for some 0 <7 < 1.
1,32z
2 Ty
1-e(y)
n == =)
_ (M) —2(5—e(Y))
= 2(1=e(Y)
B 1—€(Y)—1+2¢Y)
- 2(1 - €(Y))
e(Y)

21— €(Y))



e or VE(Y) < 1. Let us write V(Y) =

1. We then get that

. B 1
Ve = 1+2(2 —€(Y)
1
T 1+1-2¢(Y)
B 1
2(1—€(Y))
1
B 1 1
TT o1 —ey)) 2
1= 14€Y
o 2(1—e(Y))
_ e(Y)
2(1—¢€(Y))

1 €(Y), forsome 0 < e(Y) <

Where are we now? We saw that if we start from V(Y) = 3 +€(Y) and

Y — X (Y attacks X as in a cycle), then V(X)) =

the other direction and

Let us now assume a cycle

1
2

X=Z1+Zy+ ...« 7, =X

Assume Z; = % + e. What would the value of Z;, be?

We claim that

1
Zk=§ink

where

Nk =

2(2F — (2% — 1)e)

+n, where 7 is in



The proof is by induction. Let X = Zj, then Y = Z 14, and then
Mk
2(1 —m)

2(2"—(;’“—1)5)

Ne+1 =

20~ sm=——n9)

2(2k—(§k—1)e)

2(2k —(2k—1)e—e)
2( 2(2F—(2F+1)e) )

€
2(2k+1 — 2k+le + 2¢ — ¢)
€
2(2k+1 _ (2k+1 _ 1)6)
So the recursion works. Now if we have a loop, we get

Zn =271

So n, = m and thus
_ n
n 2(2k+1 — (2k+1 _ 1)6)
If we divide by n (# 0), we get

1
23— (2 - 1))

It is easy to see that only ¢ = % solves the equation. This means that
‘/eC(ZZ‘) = %, for all Zl

O

Remark 2.23. Ordinarily we cannot guarantee that Z; 11 is the node in Att(Z;)
with mazimum value for all k' > k, we need to find a subsequence. This is
done as follows: we start with a node X and since there are a finite num-
ber of nodes attacking it (the network is finite), there exists a subsequence
such that there is a single attacker whose V)5 wvalue is the mazximum for
all k' in the subsequence. We can assume it 1s Zo. This Zs is not unique,
there may be other choices. Let Z3? be one arbitrary such choice. Repeating
this consideration now for Z$* and for the subsequence thus obtained, we
get a Z3? and a further subsequence of the subsequence and so on. Even-
tually, we get a final subsequence (which depends on the choices of Z:*)

Vi Viir args - - +» Such that Z{3 s the node in Att(Z{) with mazimum
value and 0 < V¢, . . (Z) <1, for each m.

Remark 2.24. We use a similar argument to the one in Remark 2.23 to show
that if a subsequence Vi, ;(X) converges to VS(X), then it can be further
refined to a subsequence Vi such that Vi (Y') converges for all Y. The reason
is that the number of such'Y is finite (since S is finite). We can then succes-
sively refine the sequence Vi¢, ;(X) into subsequences for which Vi¢, .(Y') also
converges. Therefore, Theorem 2.22, can be used to show that the convergent



sequence V7, ;. converges to % We can therefore further conclude that every
convergent subsequence of Virm(X) converges to % The next lemma shows
that the sequence Viim (X) itself converges to %

Lemma 2.25. Let @ = oy, o, as, . . ., be an infinite sequence of values in [0, 1].
If every convergent subsequence of a converges to %, then lim; .o a; = %

Proof. For every 0 < € < %, [% —¢, % + €] only a finite number of a;’s are in

[0,2 — ] U[% +&,1]. Otherwise, say [0, 3 — €] has an infinite number of a;’s.
Then since [0, — €] is a closed interval with an infinite number of values in
it, there would exist an infinite convergent subsequence of « in it that does
not converge to %

Therefore, we have shown that for every 0 < & < %7 € small, there exists
a number m such that for every n > m, (3 — a,) € [3 —¢,3 +¢], that is

lim; oo a; = % O

Theorem 2.21 asserts what the limit values of the nodes whose values of
the attackers are known at the stable iteration k. Theorem 2.26 asserts the
same in terms of the limit values of the attackers.

Theorem 2.26.

L If maxyea(x){Ve(Y)} = 0, then Ve(X) = 1.
2. If maxyean(x){Ve(Y)} =1, then Ve(X) = 0.

Proof. Note that lim; oo {Vj41(X)} = lim; 5 {V;(X)}.
L. If maxyeap(x){Ve(Y)} = 0, then we have that

Vo(X) = (1- V(X)) -min{;,l} +V.(X) ~max{;,1}

VX) = (VX)) 4 VelX)
2-V(X) = 1-Ve(X) +2- V(X)
VX) = 1

So if the equilibrium values of all attackers of X is 0, then the equilibrium
value of X is 1.
2. If maxycas(x){Ve(Y)} = 1, then we have that

Ve(X) = (1—V6(X))-min{;,0}—|—V6(X).max{;0}
V.(X) = VE(QX)
Ve(X) =0

So if the equilibrium value of any of the attackers of X is 1, then the
equilibrium value of X is 0.

O



Theorem 2.27. Let (S, R) be an argumentation network and T its GR system
of equations. If the assignment Vi : S —— U is legal then the sequence Vj,
Vi, Vo, ..., where each V;, i > 0, is generated by T, is stable at iteration 0.

Proof. Suppose Vj is legal. Then if V;(X) = 0, then there exists Y € At#(X)
such that V5(Y') = 1. Therefore V1(X) = min {%,O} = 0. If V5(X) =1, then
forall Y € Att(X), Vo(Y) = 0, and hence mazy ¢ a¢¢(x)Vo(Y') = 0. Therefore,
Vi(X) =max{3,1} = 1.

The stability of the crisp values then follows from Theorem 2.6 and since
0 < Vo(X) < 1, then by Theorem 2.4 (case 3), so does the stability of the
remaining non-crisp values. O

Proposition 2.28. Let (S, R) be an argumentation network; T its GR system
of equations and V. a function with the equilibrium values of the nodes in S
calculated according to the Gabbay-Rodrigues Iteration Schema. Let \ be a
legal labelling function.

Take any X € S. If X and V. agree on the values of all nodes in Att(X),
then A and V. agree on the value of X.

Proof. There are three cases to consider. Proofs of cases 1. and 2. are similar
to the proofs of cases 1. and 2. of Theorem 2.21.

L. maxycap(x){Ve(Y)} =0, then forall Y € Att(X), Ve(Y) = 0. It follows

that Vo(X) = Y32, 55 + limjec % =140 = 1. Since V, and A
agree with each other on the values of all nodes in Att(X), we have that
for all Y € Att(X), A(Y) = out and since A is legal, A(X) = in, and
hence A\ and V, agree with each other with respect to the value of X as
well.

2. maxyeca(x){Ve(Y)} = 1, then there exists Y € Att(X), such that
Vo(Y) = 1. It follows that Vo(X) = lim;_, s Y= = 0. Since V, and A

agree with each other on the values of all nodesQin Att(X), we have that
A(Y) = in and since A is legal, A(X) = out. Hence A and V. agree with
each other with respect to the value of X as well.

3. maxyeanx){Ve(Y)} = %, then there exists Y € Att(X), such that
Ve(Y) =1 (and hence A\(Y) = und) and for no Y € Att(X), V.(Y) =1
(and hence for no Y € Att(X), A(Y) =in). It follows that

Ve(X) | Ve(X)

2 * 2

Vo(X) =1
2-V.(X) =1

Ve(X) =

N =

Since A is legal, A(X) = und, and hence A and V. agree with each
other with respect to the value of X.

O

And now to the main theorem of this section, which explains the equi-
librium values of all nodes and shows their relationship to Caminada and



Pigozzi’s down-admissible /up-complete constructions. A down-admissible la-
belling is obtained after a series of contraction operations as defined below.

Definition 2.29 ([7]). Let X be a labelling of an argumentation network (S, R).
A contraction sequence from A is a sequence of labellings [\y = A\, ...\ such
that
1. Foreachi € {1,...,k—1}, \it1 = A —{(X,in), (X, out)} U{(X,und)},
where X is an argument that is illegally labelled in, or illegally labelled
out in \;; and
2. A\ 1s a labelling without any arguments illegally labelled in or illegally
labelled out.

Theorem 6 of [7] shows us that if we successively contract an initial
labelling A, then at the end of the contraction sequence [A\; = A, Aa, ... Ag],
Ak corresponds to the down-admissible labelling of A, which is the largest
admissible labelling that is smaller or equal to .

Not every admissible labelling corresponds to a complete extension.
However, an admissible labelling can be turned into a labelling that corre-
sponds to a complete extension by changing the labels of nodes that illegally
labelled und, to in or out as appropriate. Each such operation is called an
expansion, and an expansion sequence corresponds to a list of all such oper-
ations:

Definition 2.30 ([7]). Let X be an admissible labelling of the argumentation
network (S, R). An expansion sequence from A is a sequence of labellings
[A1 = A, ... \g] such that

1. Foreachi€ {1,...,k—1},

Ai —{(X,und)} U{(X,in)}, i X is an argument that is
- illegally labelled und in \; and all its attackers are labelled out
LY N = {(X,und)} U {(X,out)}, if X is an argument that is
illegally labelled und in \; and it has an attacker labelled in

2. A is a labelling without any arguments illegally labelled und.

Caminada and Pigozzi have shown us that if [\; = A,... ;] is an ex-
pansion sequence,'® then )y, is a complete labelling and it is the smallest such
labelling containing A. We now introduce a few concepts to help us in the
proof of our main theorem.

Definition 2.31. Let (S, R) be an argumentation network; V' be an assignment
of values to the nodes in S; and A\ a labelling of these nodes. We say that V
and X\ agree with each other with respect to the value of a node X if and only
if the following conditions hold:

1. V(X) =1 if and only if A\(X) =in

2. V(X) =0 if and only if \(X) = out

3. V(X) =1 if and only if A\(X) = und

15Note A\; must be admissible.



We say that V' and A agree with each other if they agree with the values
of all nodes in S.

Definition 2.32 (Attack tree of a node). Let (S, R) be a network. The attack
tree tree(X) of a node X € S is the tree with root X and for every node N
in Tree(X), the children of N are the nodes in Att(N).

Definition 2.33 (Path from a node). Let (S, R) be a network. Take X € S.
A path from X is a sequence of nodes X = Zy, Zy, Za, ... such that each
Ziv1, 1 >0, is a child of Z; in the attack tree of X. The set of all paths from
a node X is denoted TI(X). We allow for a single node to be a path.

Using paths, we can define a strongly connected component (SCC) to be
a maximal subset C' C S, such that for every X,Y € C, there exists a path
from X containing Y.

Note that in a SCC C for every path m = Zy, Z;, ... from every node
Zy € C, there exists a smallest () such that for some r(7), Z;r) =
Zi(my4r(m)- 1(m) < |C|. i(m) is the index of the first node in the path 7 that
is involved in a loop, or you can think of it as the minimum distance from
the starting node of the path 7 to a looping node in the path. If i(7) = 0,
then Z, attacks itself. Let us call the loop head of the path m = Zy, Z1,.. .,
the node Zj(r).

Definition 2.34 (Viyax-paths). Let Z be a node in a SCC C' and let the sequence
of values Vi, Vi, ...be stable at iteration k. The set of Viax-paths of Z is
defined as Vimax-paths(Z) = {n = [Z = Zy,Z1,...] € II(Z) | for each Z;,
Vietr(Zig1) = maxz:, {Vir(Zi1)} for an infinite number of r’s}.

For every Z € C, the set of Vi.x-paths from Z is non-empty (see Re-
mark 2.23).

Definition 2.35 (Bar of a node). Let C' be a SCC and take X € C. The bar
of X is the set

bar(X) ={Z € C| Z is the loop head of a path in Vipax-paths(X)}.

Definition 2.36. Let T'(X) be the set of Vinax-paths of X and take U C C a
set of points. The bar of X modified by U is defined as

bar(X _ y | y is the first node in w such that either y is
ar(X,U) GEJX) { ‘ the loop head of w ory € U

Theorem 2.37. Let (S, R) be an argumentation network; Vo be an initial as-
signment of values to the nodes in S; A\g an initial labelling of these nodes;
and Vo and X\g faithful to each other according to Definition 2.16. Let Agq
be the labelling at the end of a contraction sequence from Ao and Acp the
labelling at the end of an expansion sequence after Aqq. Let k be the point at
which the sequence Vy, Vi,. .. becomes stable and V.(X) the equilibrium value
of a node calculated through the Gabbay-Rodrigues Iteration Schema. Then
Acp and Vy agree with each other according to Definition 2.31.



Proof. The proof is done on induction on the depth of a node X. Suppose
the depth of X is 0. There are three main cases to consider.

Case 1:

Case 2:

case 3:

X is a source node. By definition, X has no attackers, and hence
maxycan(x) VoY) = maxycau(x)Va(Y) = 0 and then by
Theorem 2.21, V(X)) = 1.

If \p(X) = in, then X is legally labelled in, X does not take part in

the contraction or expansion sequences and therefore Aop(X) = in. If
Ao(X) = out, then X is illegally labelled out, and therefore the label of
X is changed to und in the contraction sequence and since it is illegally
labelled und, then it is subsequently changed to in in the expansion
sequence. If A\o(X) = und, then X cannot be contracted, and since
it is illegally labelled und, its label must be changed to in during the
expansion sequence. In all cases, A¢p(X) = in, and hence A\cp and V.
agree with each other with respect to the value of X.
X is part of a source SCC C and both V,,[C and A\g[C' are legal assign-
ments within C'. Let us partition C' into two components: C° containing
all nodes with crisp values and C'* containing all nodes with undecided
values.

Since A\g[C' is a legal assignment, and the nodes in C¢ only have
values in {in, out}, then no nodes in C¢ are illegally labelled and hence
their labels are unaffected by the contraction sequence. Likewise, since
no node is labelled undecided in C¢, nothing can be subsequently ex-
panded and Acp[C¢ = A\g[C€. By construction, the values of all nodes
in C* are und, and hence these nodes are not affected by the contrac-
tion sequence. Furthermore, they are all legally labelled undecided and
hence the values remain unchanged, and hence A\cp[C = A\ [C.

Since Vy[C is a legal assignment, then by Theorem 2.27, it is stable
at iteration 0. As a result, for all nodes X € C°, V1 (X) = Vp(X). Hence
by Theorem 2.6, V,(X) = V,(X) for all nodes X € C¢, and then since Ag
and Vp are faithful to each other (Definition 2.16), conditions 1. and 2. of
Definition 2.31 are satisfied. We now show that condition 3. also follows.
For all nodes X € C*, we have that 0 < V(X)) < 1. Since V5 [C is a legal
assignment, then for every X € C*, 0 < mazycaux){Vo(Y)} < 1.16
Notice that by construction C* = C\C*¢. Stage two of case 3 below
shows that for all nodes X € C*, V,(X) = ;. Therefore, condition 3. of
Definition 2.31 is also satisfied and as a result, A\cp and V, agree with
each other with respect to all nodes in C.

X is part of a source SCC C and A\y[C and Vj[C are not legal assign-
ments.
Stage one:

We know that the sequence of assignments Vj, V7,..., eventually

becomes stable at some iteration k and by Theorem 2.14, in(Vy) C

16This effectively means that the only possible incoming attacks from C¢ are from nodes
labelled out. Otherwise, the attacked nodes in C* should have been labelled out and hence
would have been illegally labelled und.



in(Vp), out(Vy) C out(Vy) and in(Vy) is the largest admissible subset
of in(Vy). By Theorem 6 of [7], in(Acp) is the largest (and unique)
admissible subset of in()\g) and since A\g and Vj are faithful to each
other, we can conclude that in(Vy) = in(Age) and out(Vy) = out(Aga)-

Note that since the sequence is stable at k, in(Vy) C in(Ve) and
out(Vy) C out(V.).

Consider the sequence of expansion operations ey, es, ..., €, and
the sequence of labellings A\g = Aga, A1, A2, .-, Am = Acp, where for
each ¢ > 0, \; is obtained from \;_; via the expansion e;. We show by
induction on m that in(Acp) C in(Ve) and out(Acp) C out(Ve). In a
second step, we show that if Acp(X) = und, then Vo (X) = 1.

Suppose that e; turns the node X illegally labelled und by Ay, into
in. Then out(A1) = out(Agq) and in(A1) = in(Age) U {X}. Then for all
Y € Att(X), Mgo(X) = out. Therefore, Vi (Y) = 0 for all Y € Att(X),
and hence maxy ¢ a4(x){Vx(Y)} = 0. By Theorem 2.21, V(X) = 1 and
therefore X € in(V,). We set V,"°"" = out(V}) and V""" = in(Vy) U
{X}.

Suppose that e; turns the node X illegally labelled und by A4,
into out. Then in(A\;) = in(Ag,) and out(A1) = out(Age) U {X}. Then
there exists Y € Att(X) such that A\gq(X) = in. Therefore, Vi (Y) = 1
for some Y € Att(X), and hence maxy cas(x){Vi(Y)} = 1. By Theo-
rem 2.21, V,(X) = 0 and therefore X € out(V,(X)). We set V,"*" =
out(Vi) U{X} and V,""" = in(V},).

Assume that for some 4, in(\;) = V""" and out()\;) = V;"°*'. Now
consider the 7 + 1-th expansion operation e;4.

Suppose that e; 1 turns the node X illegally labelled und in \; into
in. Then for all Y € Att(X), \;(X) = out. Therefore, V.(Y) = 0 for all
Y € Att(X), and hence maxy cau(x){Ve(Y)} = 0. By Theorem 2.26,
V.(X) = 1 and therefore X € in(V,). As before, we set V; T1% = 1>
and V;TH"™ = in(Vy) U {X}.

Suppose that e;1 turns the node X illegally labelled und by \;
into out. Then there exists Y € Att(X) such that A\;(X) = in. Therefore,
Ve(Y) =1 for some Y € Att(X), and hence maxy ca(x){Ve(Y)} = 1.
By Theorem 2.26, V. (X) = 0 and therefore X € out(V.(X)). Again, we
set VT = ViU {X} and V[T = V0

By now we know that if X € V"™, then V,(X) = 1 and Acp(X) =
in and that X € V""" then V,(X) = 0 and Acp(X) = out. We ask if
there is some Z ¢ V""" such that V,(Z) = 1 or Z ¢ V,;"°*" such that
Ve(Z) = 0. The answer is no as it is explained in stage two below.

Stage two: A
Let us use C° to denote (V""" UV,™"") and C* to denote C'\C*.
Suppose X € C".



We know that V""" = in(Acp) is a complete extension and
that no further expansion operation is possible from Acp, therefore
if X ¢ in(\cp), then either A\op(X) = out and hence X € V",
which is not possible, or Acp(X) = und and legally so. Therefore
there exists Y € Att(X), such that A\cp(Y) = und and hence 0 <
maxyeAtt(X){Ve(Y)} < 1.

Similarly, if X ¢ out(Acp), then either Acp(X) = in and hence
X € Vkm’m, which is not possible, or A¢p(X) = und and legally so.
Therefore there exists Y € Att(X), such that A\cp(Y) = und and hence
0 < maxyeau(x){Ve(Y)} < 1 and therefore 0 < Vo (X) < 1.

So we know that for all X € C*, A¢p(X) =und and 0 < V(X)) <
1. In what follows, we will show that indeed for all nodes in C' — C¢,
Ve(X) = 1. Note that since we are in a SCC C, for all X € C*, there is
an infinite attack tree with root X, in which every branch is of the form
X = 2y,71,Z2,...,Z; = X, where for every i > 0, (Z;41,7;) € R.
Some of the Z; are in V,/"°"“*, but none can be in Vkm’m, for that would
make Z;_1 out.

The proof is done by induction on the maximum distance from a
node X in C" to a loop Z1,Zs,...,Z, = Z1, where every Z; € C\V,;".
There are infinitely many paths from X in the attack tree of X, but
we only need to consider the set T'(X) with all Vi,.c-paths of X. Each
such path is of the form 7(X) = (Zyp = X), Z1,.... Now define the
distance of X, dim X, as the maximum index ¢ such that for each path
7(X), Z; € bar(Z,V,"°""). This means that Z; is the first point in the
path 7(X) which is either a repetition of a previous point or a point in
Vm,out'

If dimX = 0, then X must be attacked by a cycle involving only X
(otherwise X € V;™"*, and then V,(X) = 0, a contradiction). There-
fore, we have a cycle that attacks X and which involves X alone. All at-
tackers in this cycle (i.e., X') have maximum value and 0 < Vj4,(X) < 1
for every r > 0. By Theorem 2.22, the value of every node in the cycle
is V.(X) = 3. Now the equilibrium value of the node X attacked by the
cycle is calculated by

(1-Ve(X)) -min{1 1} + Vo (X) .max{l 1}

Ve(X)

272 272
_ 1_V6(X>+‘/6(X)
2 2
_ l_Ve(X)+‘/;(X)
- 2
1
T2

Now assume that the equilibrium value of all nodes with distance up to
k is § and consider the node X with distance k+ 1. For all Y € Att(X),
we have that dimY < k. Therefore, either Y € Vkm’out in which case



Ve(Y) = 0, or by the inductive hypothesis V,(Y) = 1.17 Therefore we
have that maxY € Att(X){V.(Y)} = 1 and as before

Ve(X) = (1-Ve(X)) 'min{;’ ;} *VelX) 'max{;’ ;}
1

2

To conclude, for all X € V™", V,(X) = 0; for all X € V;"*"", V.(X) =

0; and for all X € C*, Vo(X) = 1. in(V.[C) (resp., in(Acp|C)) in

this case is the minimal complete extension containing in(Vy[C) (resp.,

in(Aga[C)).
Assume the theorem holds for all nodes of depth up to k. We now show that
it holds for nodes of depth k + 1.

Define Knownj , = {X € S | depth(X) < k} and Known;:fl1 ={X ¢
S | depth(X) =k +1 and for all Y € Att(X), Y € Knownj’,,}.

We show that for all ¢ > 0, we have that Acp(X) = V.(X), for all
X € Knownj . First notice that by induction hypothesis, Acp(X) =
Ve(X) for all X € Knownj,,. Now suppose that Acp(X) = V.(X) for
all X € Knownj,,, then by Proposition 2.28, Acp(X) = Vc(X) for all
X eK nown?jl. Since the network is finite, Knowny_ , = K nownifl, for
some e > 0. Define C}, | = {X € S | depth(X) =k + 1} \ Knowny,,,.

By definition, if there exists X € C},; and Y € Att(X) such that
Y € Knowng_ |, then A\cp(Y) = out and V.(Y) = 0 (otherwise the value
of X would be known). Therefore, we can exclude the nodes in Knowng,_
and consider Cy', | in isolation. C}!, | can therefore be treated as a network
of depth 0, and the proof will follow exactly from Cases 2 and 3 of the base
of the main induction, and hence for all X € C}, |, Vo(X) = Aop(X). O

Corollary 2.38. Let (S, R) be an argumentation network and Vi be an initial
assignment of values to the nodes in S. Let V. (X) be the equilibrium value of
a node X calculated through the Gabbay-Rodrigues Iteration Schema. For all
nodes X € S, Ve(X) € {0,4,1}.

Proof. Follows from the possible equilibrium values of all nodes in Theo-
rem 2.37. U

3. Discussion and Worked Examples

Suppose we are given a network such as the one in Figure 5 with some initial
values to its nodes. The values may or may not correspond to a complete ex-
tension. We can write equations for the network, apply the Gabbay-Rodrigues
Iteration Schema and obtain extensions for the network.

For the sake of illustration, we consider three sets of representative initial
values 1., 2. and 3.. The table in Figure 5 shows what happens when these

17Note that Att(X) € Vkm’out7 otherwise X would be illegally labelled und.



X Y W% Z
(Vo, Vi, Ve) | (Vo, Ve, Ve) | (Voo Vie, Ve) | (Vo, Vi, Ve)
[1.] (0,3,1) [ (0,3,00 [ (0,0,00 [ (1,1,1) |

) 40 )9
2] 05D [ 1,50 [ (g3 | (033 |
(3.] (1,1,1) [ (0,000 [ (1,1,1) [ (0,0,0) |

FIGURE 5. Network used in Section 3.

values are applied to the equations, giving both the values at the stable point
(V) and at the limit (V). The corresponding down-admissible labellings and
their resulting up-completion according to Caminada-Pigozzi’s procedure can
be obtained simply by replacing 0 with out, 1 with in and values in (0, 1) with
und.

Case 1. represents the situation in which the initial values in the cycle
W < Z are compatible with an extension and hence the crisp values are
preserved by the calculations. We end up with the complete extension E; =
{X, Z}. Contrast this with case 2., in which the initial values of W and Z are
1 and 0, resp. The extension F = {X, W} is also complete but is obtained
neither by our procedure nor by Caminada-Pigozzi’s down-admissible/up-
complete construction. This can be explained as follows. The initial illegal
value of Y invalidates the initial acceptance of W, turning it into undecided
in the calculation of the down-admissible subset. From that point on, the
original legal assignments for W and Z can no longer be restored and they
both end up as undecided. As a result, we obtain the complete (but not
preferred) extension Ea = {X}. This interference does not happen in case
1., because there the interference of the undecided value of Y over W is
dominated by Z’s 1 value that keeps W’s 0 value in check (because of the
behaviour of max). As a result, both W’s and Z’s initial values are retained.

If however we start with a preferred extension, which is also complete
by definition, we get as a result unchanged initial values (cf. Theorem 2.37).
Caminada-Pigozzi also give the same result because the down-admissible la-
belling of a labelling yielding a preferred extension is the labelling itself and
since that labelling is also complete, then the up-completion does not change
anything (case 3. in the table of Figure 5.

We can suggest an enhanced procedure to improve on the results ob-
tained in case 2., which is outlined below. The procedure starts with an empty
set of crisp values (Crisp) and a set of initial values to the nodes.

1. Calculate the equilibrium values for all nodes using the iteration schema.

2. f{X € S| Ve(X) € {0,1}} C Crisp, stop. The extension is defined in the set
{X | Ve(X) = 1}. Otherwise, set Crisp = CrispU{X € S | Vo(X) € {0,1}}
and proceed to step 3.



3. For every X € {X | Vo(X) € {0,1}}, set Vo = Ve(X) and leave Vo (X) as
before for the remaining nodes.
4. Repeat from 1.

The above procedure is sound, since at each run the equilibrium values
computed yield a complete extension. Note that re-using some of the original
values does not affect soundness. If they cannot be used to generate a larger
extension, they will just converge to % The procedure also terminates as long
as the original network S is finite, since a new iteration is invoked only when
new crisp values are generated and this is bound by |S].

If we apply the procedure to Case 2. above, in the first run we will get
Ve(X) =1, Vo(Y) =0, Vo(W) = Vi(Z) = 1. Hence, Crisp = {X,Y}. We
then run it once more, this time with initial values V5(X) = 1, V,(Y) = 0,
Vo(W) =1 and Vo(Z) = 0. This will stabilise immediately at these values
and then Crisp = {X,Y,W, Z}. In the third run, no new crisp values are
generated, so we stop with extension {X, W}, which is a preferred extension
(see case 3. above). This is closer to the original values, because the preference
of W over Z is preserved.

Obviously, the procedure can also be applied using Caminada-Pigozzi’s
construction instead of the Gabbay-Rodrigues Iteration Schema of step 1.
above.

3.1. Worked Examples with Cycles

The table in Figure 6 displays initial, stable and equilibrium values (Vo, V4,
V.) for all nodes in the networks (L) and (R). The last row of the table indi-
cates the iteration in which the stable values were reached and the equilibrium
values approximated (S,E). Obviously the equilibrium values are an approxi-
mation. We set our tolerance as 10~'?, the upper bound of the relative error
due to rounding in the calculations in our 64-bit machine.!® Independent
nodes, such as Z in the networks above always converge to 1 independently
of their initial values. This also happens to all nodes whose values of the
attackers all converge to 0. Cases (L) and (R) explore different scenarios in-
volving cycles. The odd cycle in (L) attacks the even cycle X <> Y and the
even cycle in (R) attacks the odd cycle A - B — C — A. We start with
(L), which contains an odd cycle attacking an even cycle. The values in the
odd cycle in this case will converge to % independently of their initial values.
This may or may not have an effect on nodes that are attacked by any of the
nodes in the cycle. We start with an initial valid configuration for X and Y
in both (L1) and (L2). The end results will differ though as explained next.
If X starts with 0 and Y with 1 (L1), then the interference of the undecid-
edness of B over X is dominated by the Y’s value of 1 and the initial values
of both X and Y persist. However, if X starts with 1 and Y with 0, the
undecidedness of B will then “contaminate” the X-Y loop. It will force X

I8Effectively this means that if the maximum variation in node values between two suc-
cessive iterations is smaller than 10719, we cannot be sure it is not simply the result of
a rounding error due to the precision of the computer. At that point we assume we have
reached the limit of what can be accurately calculated.



(L)

(R)

Lo Soan

L1. L2 R1. R2

(‘/Oavka‘/e) (‘/Oavkave) (V07Vkave) (V()vvka‘/e)
X (0,0,0) (1,0.430,H) [ (1,1,1) (0,0,0)
Y (1,1,1) (0,0.516,i) (0,0,0) (1,1,1)
A (0,1,3) | (1,0.516, %) (1,0.438,0) | (0,0.562, 1)
B (1,0.266,%) (0,1,3) | (1,0062,0) | (0,1,3)
C ](0,0.562,%) | (0,0.430, 3) | (0,0.734,1) | (1,0.266, 3)
Z (0,0.938,1) | (3,0.992,1) | (0,0.938,1) | (3,0.969,1)

(S,E) (3,58) (5,58) (3,76) (3,58)

FIGURE 6. Equilibrium and stable values of nodes involved
in cycles.

to become undecided, which in turn makes Y also become undecided. As a
result, all of the values will converge to % apart from Z’s, which as we said
is independent and will converge to 1 (L2).

Now let us look at (R) in which the even cycle attacks the odd one.
(R1) and (R2) contain different initial valid configurations for the even cycle.
This time the nodes in the even cycle are independent of external values and
their original values remain. If X starts with 1, it remains with 1 and this
in turn breaks the odd cycle. The attacked node B is forced to converge to
0, forcing C' to converge to 1 and A to converge to 0 (independently of their
initial values). An initial value of 0 for X cannot break the odd cycle and its
values will converge to 1 independently of their initial values (R2).

4. Comparisons with other work

This section compares our framework with other techniques that deal with
initial values. Our discussions so far and the use of the Gabbay-Rodrigues
Iteration Schema were in the context of the equational approach to an argu-
mentation network when we are given some initial values. Our problem was
to find a solution to the system of equations that was “close” to these initial
values.

Two important concepts which are directly related to the work pre-
sented in this paper were proposed in [7], which addressed the problem of
finding an extension of an argumentation network given an initial labelling



of its arguments. Their procedure works in two steps. Firstly, they calculate
the downward-admissible labelling of the original labelling, which essentially
consists of an admissible labelling whose crisp part is maximally included in
the original labelling. This is done by a procedure which at each step, turns
an illegally labelled argument from in or out into und until no illegal crisp
values remain. They called this step a contraction sequence and it is similar
to what our schema does to the sequence of value assignments until it be-
comes stable, except that at each iteration our schema may contract more
than one node simultaneously, whereas theirs contracts only one node per
iteration. More importantly, their procedure is non-deterministic: it selects
an illegally labelled node for contraction, but this requires searching for such
nodes. Hence there is an implicit cost involved in it. Even though the search
can be optimised, it renders the overall cost of the procedure in terms of
steps higher than ours, which is truly bounded by |S|. Now, given an ad-
missible labelling, a complete extension is constructed by turning nodes that
are illegally labelled und into in or out as appropriate. They call this step
an expansion and its counterpart in our procedure is the calculation of the
limit values of the sequence. Obviously, in a computer program, we can only
approximate these limit values. In our implementation, we stop the iterations
when we can no longer guarantee the accuracy of the calculations without
introducing rounding errors due to the limitations of the processor. This hap-
pens in linear time too (see Figure 6). In practice, the limit values can be
guessed much earlier as the iteration values can be seen to be converging
towards one of the three values 0, % and 1.

We stress that neither are we limited to the discreet values out, in and
und, nor to the Fqu.x equation used in the iteration schema and this allows
the application of the schema in the calculation of extensions given different
semantics (see Section 5).

One can take a different approach to the one above, especially if one is
not using any equations. One can take the view that given a network with
initial values, we should give an iteration formula that will stabilise on some
limit final values. This approach is a bit risky. One needs to explain where the
initial values come from and what is the meaning of the iteration formula. One
also needs to check whether or not the iteration formula is sound relative to
the network’s extensions in Dung’s sense. In other words, if the initial values
correspond to an acceptable Dung extension, does the iteration formula yield
a result which does not correspond to a Dung extension? We begin with the
work of Pereira et al. [9], which does not take any equational approach but
simply iterates on the values of the nodes. We examine in detail what they
do.

In what follows, (S, R) is an acyclic argumentation network and f :
S +—— U is a function assigning initial values to the nodes in S.



Definition 4.1. Consider the sequence ag(X),a1(X),...,a;(X),..., where
a(X) = f(X)

) = e ()i {001 - max a1}

and let

1 1
°00 = Jim goct g min (U017, e (1)
Definition 4.2. The attack depth of a node X of an acyclic argumentation
network, in symbols a-depth(X), is defined recursively as

0, if Att(X) =@
a-depth(X) = (_ max_ a-depth(Y)) + 1, otherwise
Y €Att(X)

The function a-depth is well-defined, because there are no cycles in
(S, R).

Definition 4.3. Given initial values for the nodes of an acyclic network, the
function B : S —— U provides a means of calculating fived-point values for
all nodes as follows.

f(X), if a-depth(X) =0

i X),1—- Y therwi
mm{f( ), Ygg%&)ﬁ( )}, otherwise

BX) =

Theorem 4.4. a(X) = (X) forall X € S.

Proof. The proof is done by induction on the depth of a node.
Base cases: (Depth 0) Let X be an argument node of depth 0. By definition,
X has no attacks. It follows that

ao(X) = f(X)

o (X) = %aO(X) + %min { FOO1 = max ao(Y)}
= I+ 5I(X)
= f(X)

as(X) = %al(X) + %min {f(X), 1, max al(Y)}
= ST+ S f(X) = F(X)

a(X) = igrgo{;aﬁ;f()()}



(Depth 1) Let X be an argument node of depth 1. By definition, all nodes
Y attacking X have depth 0. For all such nodes f(Y) = ag(Y) = an (V) =

(Y) = ... = a(Y) = B(Y).
ao(X) = F(X)
a(X) = goo(x)+ guin{ 7)1 max an(v)
1

CYQ(X)

PO+ guin {7001~ x50}

Y €Att(X)

1/1 1 .

5 (5700 + guin {7001 - . 50)}) +
1.

o min ¢ f(X),1~ y&l?f&)ﬁ(y)}

1 1 .

200+ ggmin { 7)1 = max 0 | +

1

min{f(X),l— max 5(1/)}

Y €Att(X)

1 ‘1
2if(X)+;2i-m1n{f(X),1— max 5(Y)}

Y EALH(X)

1 1 .
700+ (1= 3 ) min {7000 - a5}

lim ;(X)
1 1
Jim = f(X) + (1 - 21) - min {f(X)»l - Yergg(cx)ﬁ(y)}

min{f<X>,1 - Yerggg(cx)ﬁ(Y)}
B(X)

Assume that the theorem holds for nodes with attack depth up to k and
let X be an argument node whose attack depth is k + 1. We have that

ao(X)
Oél(X)

QQ(X)

£
5000 + g {001 = gt o))
S0 +

5 min {f(X% 1- Jax ao(Y)}

3 (500 + guin{ 7001~ max ao(v)}) +



| =

g min | f), 1= maxe al(Y)}

/) + o mm{ (X),1 - max O‘O(Y)} *
%m {f - Yerﬂilt}({X) al(Y)}

3 (500 + gmin {FX0L 1= max aofv)} +
%min {f(X), 1- Yenjzt)((X) 042(Y)}

500 + g {7001 =, g ot} +

% min {f(X)’ 1= 8%, al(Y)} ’

%min {f(X), 1- YEIE?((X) 042(Y)}

1

1
f(X) + 55 min {f(X% 1- Yelﬁ?t)((X)aO(Y)} +

illmin{f(X)J —  max al(Y)} +...+

2 Y €Att(X)

1

— mi X),1— (Y
91 mln{f( ) ylhax @ 1 )}

Z— mln{ ),1— max ai(Y)}
Y eAtt(X)

1.f(X)+(1—21i>-min{f(X),1— max ai(Y)}

2t Y €At(X)

lim - f(X) + (1 o) -min § (X0, 1 ()
m — —_ - min — max i

i—oo 21 21 ’ YeA?t(X) @

. 1 .
ilggo (1 - 2) min {f(X), 1— yéﬁ?ffm ai(Y)}

lim min {f(X), 1— max ozi(Y)}

Y €Att(X)

i X),1- lim a;(Y
mln{f( ) Yelggggx)iggoaz( )}

min {f(X), 1— max a(Y)}

Y EAtE(X)



But the attack depth of the nodes Y € Att(X) is no higher than k. By the
induction hypothesis we have that a(Y) = (V) for all Y € Att(X) and
hence

a(0) = win{f(0).1 - max 0 | = 5(3)
O

The theorem above shows that when there are no cycles, for any node
X, the sequence a;(X) converges to the value S(X), which can be calculated
by considering the tree with root X and propagating values from the leaves
to the root according to Definition 4.3.

One can argue that the procedure is not sound with respect to admissi-
bility. In particular, the algorithm does not turn arbitrary initial values into
admissible ones. If we give initial value 0 to a node which should not be la-
belled out, the algorithm does not correct the node’s value and it remains
illegally out. Likewise, if we start with a two-node cycle A <+ B and provide
initial values to A and B that correspond to a complete extension, say A = 1,
B =0, in the limit we get values A = % and B = 0. Ideally, the initial values
should remain the same as in the Gabbay-Rodrigues Iteration Schema (and
indeed Caminada and Pigozzi’s down-admissible/up-complete construction).

5. Conclusions and Future Research

This paper investigated aspects concerned with argumentation networks where
the arguments are provided with initial values. We are aware that assigning
values to nodes and propagating values through the network has been in-
dependently investigated before as in, e.g., [8, 2]. However, our approach is
different because we see a network as a generator for equations whose solu-
tions generalise the concept of extensions of the network.

There are advantages to using equations to calculate extensions in this
way as numerical values arise naturally in many applications where argumen-
tation systems are used and the behaviour of the node interactions can be
described naturally using equations. In addition, there are many mathemat-
ical tools to help find solutions to the equations.

The equational approach is general enough to be adapted to particular
applications. For instance, the arguments themselves may be expressed as
some proof in a fuzzy logic and then the initial values can represent the
values of the conclusions of the proofs, in the spirit of Prakken’s work [20];
or they can be obtained as the result of the merging of several networks, as
proposed in [17, 16].

In this paper, we showed that the equations can be solved through
an iterative process, as in Newton’s method and as such one can regard
initial values as initial guesses or a desired configuration of the extension. The



Gabbay-Rodrigues Iteration Schema takes the following generalised form:

1 1

Vit1(X) = (1 - V(X)) - min{Q,g(N(X))} + Vi(X) - max{Q,g(N(X))}

In this paper, we considered the special case where g is min and N (X)
is the set of complemented values of the nodes in the “neighbourhood” of X
(i.e., the attackers of X).!9 Other operations can be used for argumentation
systems, whose relationship with the schema is being further investigated.
One such operation is product, which unlike min combines the strength of the
attacks on a node. Another interesting possibility is to use the schema for
abstract dialectical frameworks (ADFs) [3]. ADFs require the specification of a
possibly unique type of equation for each node. Consider the ADF with nodes
a, b, ¢ and d with R = {(a,b), (b,c), (¢,c)}. The ADF equations are: C,, = T,
Cy, =a, C. = cANband Cy = —d. The complete models for this ADF are
my = (t,t,u,u), mg = (t,t,t,u) and ms = (¢,¢, f,u). The Gabbay-Rodrigues
schema converges to mj given initial values (1,1, %, %), to mg given initial
values (1,1,1,1); and to mg given initial values (0, 0,0, 0).

For the case of min, we showed that the values generated at each it-
eration in the schema eventually “stabilise” by changing illegal crisp values
into undecided. This process will calculate the down-admissible labelling of
the initial values, as in [7], in time ¢ linear to the set of arguments (¢ < |S]).
If we carry on the calculation, the values of the sequence in the limit will
correspond to a complete extension of the original network. Obviously, the
values corresponding to a legitimate extension are all legal. If they are given
as input, the sequence will immediately stabilise. In practice, a few iterations
are sufficient to indicate what the values will converge to in the limit. We
have also outlined a procedure which can improve on the calculation above
by propagating crisp values and replacing the remaining undecided values
with their initial counterparts after each run of the iterations. This proce-
dure terminates when no new crisp values are generated. Original crisp values
which are compatible with a calculated extension can thus be preserved and
hence we can end up with a larger complete extension than the one obtained
through a single run. This extension is as compatible as possible with the
initial values.
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Appendix A. Predator-Prey and Argumentation Motivating
Case Studies

Let us motivate our ideas through two main examples. Our purpose is to
make some conceptual distinction about iteration processes.

Example A.1. Let us look at an example from biology. This is a model by M.
P. Hassell [18] of the dynamics of a system with two parasitoids (P and Q)
and one host (N ). The interactions in the ecology are depicted in Figure 7.
The equations modelling the dynamics are the following (see [1, p. 295]).

Niy1 = AN f1(Py1) f2(Q,)
Py = Nyl - fi(Py)]

Qt+1 = Ntfl(Pt)[l - f2(Qt)}

In the above equations the subscripts t and t + 1 indicate two successive
generations of P, Q and IN; X is the finite host rate of increase; and the
functions fi1 and fo are the probabilities of a host not being found by Py or
Q. parasitoids, respectively. This model applies to two quite distinct types of
interaction that are frequently found in real systems. It applies to cases where
P acts first, to be followed by Q acting only on the survivors. Such is the case
where a host population with discrete generations is parasitized at different
developmental stages. In addition, it applies to cases where both P and Q
act together on the same host stage, but the larvae of P always out-compete
those of Q, should multi-parasitism occur.

The functions f1 and fo are:

_kl
fi(Py) = [1 + alpt]
1
—ko
f2(Qt) = {1 + anQt}
2

where a1, as, k1 and ko are constants.

To simplify and later compare the biological model with the argumenta-
tion model, we put k1 = ko = —1.

FIGURE 7. A sample biological network.



This gives
fl(Pt) = 1-— a1Pt
f2(Qt) = 1-aQy

and therefore, the equations are

(1,t) Nt+1 = )\Nt(lfalPt)(lfath)
(2,t) Pt+1 = athPt
(th): Qt+1 = a2QtNt<1 - alpt)
At a state of equilibrium, we get the following fixrpoint equations:
N = )\N(l - a1P)(1 - GQQ) (16)
P = aq NP (17)
Q = GQQN(l - alP) (18)

It can be easily seen from the above equations that one of the solutions is
P =Q = N =0 (the “all zero” solution). If we ignore it, we get from (17)
that

1
N = — 19
— (19)
and from (18) we get
1
1 = as - 7(1 - CL1P) (20)
ai
and hence
a1 = as—aya P
P - ag — ap
a1ag

From (16), we get

a1a9
A
1= ZH1-aQ)
a2
so
a2
2 - 1=
Ny a2Q
)\al — as
a2Q N )\(11
/\(11 — a9
@ ="
a1 as
To have a specific example for discussion let ap = 2, as = 3, A = 2. We

get N =05, P = % and Q = % Indeed, substituting these values in the
equations we have



(1) 1 = 2(1_2%)(1_132)
- 92.2.9
s
= 2.%
= 1
(2) 1 = 2.1
= 1
3) 1 = 3.L1(1-2
(%) _ §.2é( )
2 6
= 1

Let us substitute a1, as and X\ in the equations and pretend we do not
know the solution. We get the equations:

(1*) N 2N(1-2P)(1-3Q)

(2*¥) P = 2PN

(3 Q@ = 3Q(i-2P)
So we have a system of equations modelling a certain ecology.
The equations above give rise to the iteration equations

(1*,2) Ni+1 = 2Nz<1 —2Pz)<1 _3Qi)
(3%,1): Qi1 = 2Q;(1-2Py)

Let us discuss our options. We have a system of equations involving
N, P and Q and we want to solve it. We do not know whether there are
solutions.

Option 1 — ¢ mathematical view. Let us just find a solution. We can guess a
candidate solution, use Newton’s method and iterate. Let us do this with the
guess Nog = Py = Q, = % and iterate. These are equations (1x,7), (2%,1)
and (3%,1) fori=1.

Because the equations come from ecological considerations, the iterations
are not just a numerical device but also have an evolutionary meaning. How-
ever, our view is purely mathematical. The corresponding to the meaning is
accidental.

We get
Ni = 23 N-1)(-3)
P, = 2%%
Q1 = %'Qi(l_ﬂjz) -
Ny = 0
Py, =0
Q =0

We converge to the “all zero” solution.

Option 2 - a semantical view. We seek a solution motivated not by mathe-
matics but by the meaning of the equations: by ecological considerations. So
let us adopt the friends of parasites view and say that we are equal and we



all have a right to live and so let us seek a steady state of compromise and
living together in tolerance and understanding, namely No = Py = Q, = %

Unfortunately using Newton’s method leads us, as shown above, to the
solution P = Q = N = 0. In biological terms this is not good, it means ev-
erything is dead. So we may need a better iteration schema, a schema suitable
for the biological interpretation.

We can choose to be selfish and cruel and start with Ng =1 and Py =
Qo = 0. This means we aim at full population and no parasites. Iterating the
equations will give us

N, = 2
P, =0
Q =0
N, = 2k
P, =0
Q, =0

This does not lead to a solution. It diverges!
The reader can check that even if the initial values are very close to a
solution, the method in general will not converge to the solution.

Remark A.2. The conclusion we draw from Ezxample A.1 is that we must be
aware that some iteration processes can be mathematical only, just possibly
leading to a mathematical solution but otherwise semantically meaningless,
and some may be semantically meaningful and useful in the context of the
application area from which the equations arise.

This observation shall become sharper and clearer in the case of our next
example from abstract argumentation.

Example A.3. Consider Figure 7 again but this time as an argumentation
network where N, P, Q are arguments. This network has three extensions
FEy, Ey and E3, namely

F, = Pisin
= N and Q are out

Eg = N isin
= P and Q are out

Es = P, N and Q are all und
In [13, 14, 15|, we showed how to provide semantics for abstract argu-
mentation in terms of equations. These equations are generated according to
equation schema, of which two of the most significant ones are Equnq.; and
FEqiny, described next.
Let Att(X) = {Yi1,...,Ys} be all the attackers of X. Consider X,
Y1,...,Y% as variables ranging over [0,1]. Define



Gmaz(AttH(X)) = 1—max{Y¥y,..., Y}
Gin(Att(X)) = TIF,(1-Y3)

The equation we write for a node X is
X = G(AH(X)) (*)

where G can be Gz 0or Gipy or some other function. We consider X = 1
to mean X isin; X = 0 to mean X is out; and 0 < X < 1 to mean that X
is und. The background material on the equational approach is given in the
next section. It is sufficient to say here that Gp,q: follows more closely the
traditional semantics of argumentation networks being only concerned about
the highest strength of attack to a mode. The solutions to the equations using
Gaz correspond to the traditional concept of extensions (in Dung’s sense)
taking the nodes with value 1 in a solution to be the nodes in the extension.

Giny on the other hand is also sensitive to the number of attackers to
a node. For example, assume there are 10 undecided attackers Y; of X each
having value % (und), then the value of X becomes 2% under Gip,, while
under Gumaz, the value of X is simply % Note that X is nearer to 0 (i.e.,
out) in the Gy, case!

The Gae equations for the network in Figure 7 are:

N = 1-—max{P,Q} (21)

P = 1-N (22)

Q = 1-max{P,N} (23)
and its Gin equations are:

N = (1-P)(1-Q) (24)

P = (1-N) (25)

Q = (1-P)(1-N) (26)

The Guaz equations have the solutions: N = Q =0 and P =1 (Ey);
N=1,P=Q=0(Ey);and N=P=Q = % (E3). The Giny only accepts
the first two solutions with the extension Es not being possible.?®

Now suppose we actually do not know whether there are solutions or
what they would be and let us consider our options. We have a system of
equations involving N, Pand Q and we want to try and solve it.

Option 1 — A mathematical view. Let us just find a solution. This is a numer-
ical analysis problem. We can guess a candidate solution; use, for instance,
Newton’s method; and iterate in the hope of converging to a solution. Option

2 - A semantical view. We seek a solution motivated not by mathematics

20T he specific behaviour of Gy, is outside of the scope of this paper. However it is explored
in detail in [12].



but by the meaning of the equations; by argumentation considerations. New-
ton’s method may not be adequate here. We want a method which, if we start
very near a solution, then we get convergence to that desired solution. Here
we cannot accept any solution. We want solutions which reflect the input.
So we need to devise algorithms involving iterations which have a semanical
meaning, in addition to the usual mathematical properties that the iteration
sequences calculated by these algorithms converge. This point is important.
Suppose we give the following interpretation to the network. 100 voters need
to form a committee from amongst three experts P, Q and NN to give an
opinion on a crucial issue. All of them vote for N to be included (in), none
of them want P to be included (i.e, they want P to be out), and they are
equally divided on their support for Q (und). There is however an additional
information about these candidates which is of a personal nature of which
the voters are not aware. These are represented by the attack relation in the
network, in which X —'Y means X refuses to work with' Y. We thus say that
we have a numerical assignment N =1, P =0 and Q = % and we now ask
what extension (i.e., what committee membership) is nearest to this majority
vote? At first glance, the reader may think that it is extension Eo (N is in,
and P and Q are out), because it agrees with the wishes of all of the voters
that N is in and P is out. We would like our iteration algorithm to give us
this result if possible.

Let us look at what Newton’s method would do to these initial values.

We start with initial values No =1, Py = 0 and Q, = % and iterate
for the case of Gas (equations (21)-(23)). We shall see that iterating in this
way is not satisfactory. We get

NIZ%; PIZO; QIZO
Ny=1, Py=3%, Q,=1
Ny=3%, Py=0, Q,=0

There is no convergence here, so this is not satisfactory as we do not get
an answer for membership (i.e., no extension in the argumentation sense).

Let us now compare with the Gabbay-Rodrigues Iteration Schema for
Gmaz, Which is the main subject matter of this paper and is introduced in
Section 2. The schema always yields a solution which corresponds to an ex-
tension in the argumentation sense.

Let (S, R) be an argumentation network and X,Y; € S be considered
variables. Let Att(X) = {Y;} (j > 0) be the attackers of X and let the
equations be X = Gax(Att(X)).2t Let V;(X) be the value of X at iteration
step i. Then the value of X at step i 4+ 1 is calculated as

Va() = (1= Vi) min {5 GABED | +

Vi) {3, GUB0) |

21, ne can also be used, with different results.



So for the network in Figure 7 and Gpae we get

Ven(N) = (1= V() i {

3 1-— max{‘/}(P),W(Q)}} +

Vi(N) - max {; 1— maX{W(P)7‘/i(Q)}}

Via(P) = (1= Vi(P)min {1 Vi) | +
(P max {31 - vi(v) |

V(@ = (1= V@) min {

3 1 — max{V;(P), V;(N)}} +

Vi(Q) - max {; 1- max{wm,v;(N)}}

Let us now take the initial conditions Vo(IN) = 1, Vo(P) = 0 and
Vo(Q) = 0 and calculate the iterations. All values will converge to %

The perceptive reader might ask what is the philosophy behind the schema
that led us to the extension Fs, rather than to the larger extension Es. The
schema is very sensitive to the undecided values. It acts cautiously in con-
sidering the votes for IN’s being included, because a proportion of the voters
wanted Q to be included but N and Q cannot work together.

Appendix B. Numerical Argumentation Networks

In [1], the idea of support and attack networks was initially proposed. These
networks allow for the assignment of initial values to the nodes of the graph;
the specification of a transmission factor associated with the strength with
which an attack between arguments is carried out; and the higher-level notion
of an attack to an attack. In [17], we showed how some of these features can
be used in the merging of argumentation networks. The numerical argumen-
tation networks we now propose share some of the features of the support and
attack networks, but introduce a functional approach to the computation of
interaction between nodes.

Definition B.1 (Numerical Argumentation Network). A numerical argumen-
tation network is a tuple (S, R, Vo, Ve, g, h,II), where

S is a set of nodes, representing arguments;

R C 5% is an attack relation, where (X,Y) € R means “X attacks Y’

Vo : 8§ — U is a function assigning initial values to the nodes in S;

g 18 a function to combine attacks to a node;

h is a function to combine the initial value of a node with the value of
its attack;

IT is an algorithm to compute equilibrium values V. (X), for each node
Xes.



We assume that ¢ and h are possibly distinct argumentation-friendly
functions according to Definition 1.2. The equilibrium value of a node X,
Ve(X), is defined as h(Vo(X), gyearx)({1 — Ve(Y)})) and computed by
the algorithm II. Since the computation of the equilibrium values of the
nodes takes the values of the attacking nodes into account, in Cayrol and
Lagasquie-Schiex’s terminology, the algorithm II offers a procedure to per-
form an interaction-based valuation of the graph (S, R). However, our ap-
proach is more general because the computation is done in terms of equations
satisfying abstract principles.

We start our discussion with a simple graph without cycles, such as the
one in Figure 8 to illustrate how numerical argumentation networks are used
in the context of the argumentation-friendly functions seen in this paper.

)

FIGURE 8. A simple argumentation graph without cycles.

Given initial values V5(X), Vo(Y), and V5(Z) for the nodes X, Y and
Z, respectively, we want the values of V,(X), V.(Y) and V.(Z) to depend on
them. Since the node X is not attacked by any node, its equilibrium value
Ve(X) is defined as h(Vp(X),g(2)) = h(Vo(X),1) = Vo(X). However, the
value of V.(Y) and V.(Z) depend not only on their initial values, but also
on the equilibrium values of their attackers. This suggests some notion of
directionality in the computation.

Now consider a more complex network, in which the node X has a
number of attackers as well as an initial value V5(X) as depicted in Figure 9.

Attackers

Initial value of X

eeoe @\@ VO (X)
Value of the attack on X

g{1=Ve(1),..., 1 = Ve(Yi)})

FIGURE 9. Attacks to a node and its initial value.

We can compute g({1 — Vo(Y1),...,1 — Ve(Y%)}) = y, which gives us
the value of the attack on X. The equilibrium value of X is the result of
combining its initial value V5 (X) with the value of the combined attacks on
it, so we can pretend we have the interaction depicted in Figure 10.



Ve(Z1) = Vo(X)

O

Ve(Z2) =y

FIGURE 10. Combination of a node’s initial value with its attacks.

and compute h(V.(Z1), Ve(Z2)), 1.e., h(Vo(X), g({1=Ve(Y1),..., 1=V (Yi)}).
We get equations of the kind
Ve(X) = h(Vo(X), g({1 = Ve(Y1), ..., 1 = Ve(Ya)}) (27)

to solve. As we mentioned, g and h may be different functions, so for example
we could have g({1 — V.(Y1),...,1 — Vo(Y%)}) = min({1 — Vo(Y1),...,1 —
Ve(Yi)}) and h(z,y) =z - y.

When f and g are the same, e.g., f = g = min, we can pretend
we have Figure 11. And then we get V. (X) = min({1 — (1 — Vp(X)),1 —
VW11 = Ve(Y)}) = min({Vo(X), 1 — Ve(¥3),...,1 — Vu(¥i)}). Note
that in this situation, the traditional equation (without h and initial val-
ues) is a special case of Vj(X) = 1, because h(1l,2) = z and then V,(X) =
AL g({1 = Ve(¥1), ..., 1 = V(Y })) = g({1 = Ve(¥1), ..., 1 — VoY) -

Ve(Z1) =1-Vo(X)

€

Ve(Z2) =y

F1GURE 11. Combining attacks and initial value.
We now address another issue. Once we solve equation (27), we get a
function V, such that
V;(X) = h(V()(X)7g({1 — Yl, ey 1-— Yk}))

Can we use V(X)) itself as an initial value?



In other words, do we have that equation (28) below holds?
Ve(X):h(V;(X)ag({l_Yla71_Yk})) (28)

The answer is “no”, because g and h are not necessarily the same func-
tion. In case it is the same function, we have

Ve(X) = h(Ve(X),9g({1-Y1,...,1=Yi}))
= g{Ve(X),g({1 =Y1,..., 1 =Yi})})
= g{{Ve(X),1-Y1,...,1 =Y}
= g{Z,1-11,...,1-Y})
where Z is the equilibrium value of a new point attacking X, whose value is

fixed at Vp(X). We can simulate this by adding new points Z% and Z% for
each X and form the graph depicited in Figure 12. All solutions to the cycle

Attackers

F1GURE 12. Combining attacks and initial value.

ZY «» Z% are of the form (V.(Z%),1 — V.(Z%)), which means that Z} can
get any value in U and hence so can its attack on X. This can be seen as
having the same effect as giving X a particular initial value in U.

These conditions are satisfied by the t-norm min. An attack takes the
complement of the value of the attacking node to 1 (co-norm).

We have that

vl {7 Ve =1 i V)

giving us our now familiar Eqyax.

The t-norm min only cares about the strength of the strongest argument.
In some applications, one could argue that attacks by multiple arguments
should bear more weight than the value of any of the arguments alone. One
way of modelling this is by combining attacks via product.

I a-vy) (29)

Y €Att(X)



Again, if any attacker of an argument has equilibrium value 1, then the
value of the product will be 0. Otherwise, if all attackers of X are fully de-
feated, i.e., if they all have equilibrium value 0, then the value of the product
will be 1.

Combining the value of attacks in this way was initially proposed in [1].

The expression (29) is equivalent to

1= Yyecanx)VeY) (30)

where z Yy =z+y—zyand for V= {z1,...,2x}, YV =(((z1 Yz2) Y...)Y
xr). (30) is the complement of the probabilistic sum t-conorm. It is well known
that in probability theory, the probabilistic sum expresses the probability of
the occurrence of independent events. Since we want to weaken the value of
the attacked node, we take the complement of this sum to 1.

A network generates a system of equations. If there are cycles in the
graph, then some of the variables associated with equilibrium values will be
expressed in terms of each other. We now explore this in a bit more detail.

Consider the following example.

o> o

\/

FI1GURE 13. A cycle involving two nodes.

Assume that all initial values are 1, that g and h are product. The graph
in Figure 13 will generate the system of equations

V(X) = 1-V(y)
‘/;(Y) = 1_V6(X)

which has an infinite number of solutions given by the formula V.(X) +
V.(Y) = 1. A way to arrive at a unique solution to the equations is to
introduce a constant x < 1 and analyse the solution to the system of equations
in the limit x — 1. This would give us



Ve(X) = w—rV(Y)
Kk — k(k — KV (X))
= - K2+ KrV(X)

Vo(X) = K2Vo(X) = k—k>
Vo X)(1 =K% = k—r>
B k(1 — k)
)= i w
VelX) = 1-,7-&

Hence, when £ — 1, Vo(X) = V.(Y) = 3. This result explains the
implicit introduction of the parameter £ to the vote aggregation function
proposed by Leite and Martins in [19].%2

Since the initial values of the two nodes in the network of Figure 13 are
the same, another way of looking at the network is by unravelling the cycle
starting arbitrarily at one of its nodes, say X. In our example, this would
result in the (infinite) network of Figure 14.

Ca >—~C2 >—~C 4 >—-

FIGURE 14. Unravelling the cycle in the network of Figure 13.

If we assume the initial values for X and Y are both z, the equilibrium
value for X could be calculated as

Ve(X)=z-(1-(z-(1-(z-(1-..1)))

1

Now suppose = = for some £ > 0, we have that

I+e’
1 1 1
Vo (X) = 1— 1-— 1—...
0= (1- (7= (- (= 0-9)))
Thus, in fact, we would be multiplying the initial value z = —— by the

1+e
number

(o (o)

22We disagree with the reasons for the introduction of the parameter itself, although tech-
nically it is the reason why the solution converges. A full discussion about this is given on
Section 4.



Let us calculate what the value ¢ is. To simplify the calculation we set
a = (1+¢€), we then get

1 (- (o)

If we expand the first multiplication, we get

(23 0-20)

J

The component

can be re-written as

which is the same as

oo 1 k
>a-1)(5) ~a-1
k=0

The first component in the main subtraction above is the sum of a
geometric series with common ratio % and scale factor o — 1. Now note that

the ratio $ < 1, since « =1+ ¢ > 1, and hence

S0y (L) - emp e

k=0

The subtraction can therefore be re-written as

_ a?(a—1)—(a? = 1)(a—1)
a?—1

 (a=1D)(a®—a?+1)

B a?—1

o2 —1



Remember that @ = 1 4 ¢, hence
@ 1+e—-1

a?—1 1+e)(1+¢)—1
€

e24+2e+1-1
€

e(e+2)
1
e+2

1
= 1—
g ( 5+2>

and hence in the limit € — 0, we get

1 1 1
Vo (X) = lim <1 ) ==
as expected.

If we just have an acyclic sequence of attacks such as the one in Fig-
ure 15, we can analyse what happens with the equilibrium values of each node,
given a fixed initial value v for all nodes (again we consider f as product).

T =

FIGURE 15. Sequence of attacks.

Therefore,

From the network in Figure 15, we get that V.(X1) = v, V(X2) =
v (l—v), Ve(X3) =v-(1—(v-(1—w))), and so forth. If v = 1, then
Ve(X1) = 1, Ve(X2) = 0, Ve(X3) = 1,.... The values alternate between 0
and 1, agreeing with Dung’s original semantics as expected. If v = 0, then
Ve(X;) =0 for all 0 <14 < k. This is a consequence of the fact, that by using
g, the equilibrium value depends on the node’s initial value and if this is 0,
so is the equilibrium value of the node when g is product. Similarly, if the
initial values of all nodes is 3, we get Vo(X1) = &, Vo(X2) = 1, Ve(X3) = 2,

Contrast the calculation of the equilibrium values above with that of
Besnard and Hunter [2], in which the values are calculated by a so-called
categoriser function. In their paper, the given example of such a function was
the h-categoriser h, defined as

1, if Att(X) =0
h(X) = ﬁ7 otherwise
Y eAtt(X)

Assuming initial value v = 1 in the example above, we would have that
h(X1) = 1, h(X2) = 3, h(X3) = 2, and so forth. This obviously does not
agree with Dung’s interpretation.



The effect on the equilibrium value of a node calculated using g and h
as product, when the node is attacked by a single node of same initial value
is now discussed. This is the scenario depicted in Figure 16.

Cx O>——=Cr D

FIGURE 16. Attack by a node of same initial value.

If we assume that X and Y get initial value x, we have that since X
has no attacking arguments, Vo (X) = z - (1 — 0) = . We then have
Ve(X) ==
VoY) = 2(1 = V(X)) = o — 22

If X gets initial value 1, then it gets equilibrium value 1 and since it
attacks Y, its equilibrium value is 0, as expected.?? On the other hand, if X
and Y get initial value 0, then Y’s equilibrium value will also be 0. If X and
Y get initial value %, then the attack by X on Y is not sufficiently strong
to annihilate Y’s initial value completely. In fact, it only brings it down by
50%, i.e., giving it equilibrium value %. This is the maximum weakening that
an attack by an equally strong argument can inflict on Y using product. The
full range of values under these circumstances is illustrated by Figure 17.
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0.1 - / \ J
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<)
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w
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|

0.05 + / \

ol | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Initial value of X

FI1GURE 17. Attack by a single node of same initial value.

23This equilibrium value would be 0 independently of the initial value of Y in this case,
because we retain Dung’s semantics in the trivial cases.



B.1. Comparisons with Social Abstract Argumentation Networks

In [19], Leite and Martins proposed social abstract argumentation frameworks
which can be seen as an extension of Dung’s abstract argumentation frame-
works to allow the representation of information about votes to arguments.
This work was subsequently extended in [11] to handle votes on attacks too.

The motivation for these networks is to provide a means to calculate the
result of the interaction between arguments using approval and disapproval
ratings from users of news forums. The idea is that when a user sees an argu-
ment, she may approve it, disapprove it, or simply abstain from expressing an
opinion. Since the arguments relate to each other through an attack relation
(not necessarily known to the users), the votes themselves are not sufficient
to provide an overall picture of the discussion. An interesting feature of these
environments is therefore their intrinsic informal nature in the sense that in
practice it is possible that voters vote for multiple arguments in the debate
and also that users may be unware of conflicts between the arguments.

One immediate concern is the provision of an appropriate semantics
which can give an interpretation to the votes capturing the intuition of the
voting process. The semantics must take into account both the interactions
between the arguments as well as the votes originally cast for them.

We now introduce Egilmez et al.’s work [11], which is an extension to
[19] so we can compare it with our methodology.?*

Definition B.2. [11] A social abstract argumentation framework is a tuple
(8, R,Vs,VR), where S is a set of arguments; R : S x S is a binary attack
relation between arguments; and Vg : S — N X N and Vg : R — N x N are
functions mapping arguments and attacks to tuples (v, v™) representing the
total of approval and disapproval votes received by each.

In order to provide a semantical interpretation, Egilmez et al. introduce
the concept of a semantic framework presented below.

Definition B.3. [11] A social abstract argumentation semantic framework is
a tuple (L, T, A, Y, =), where
o L is a totally ordered set with top and bottom elements T and L, re-
spectively
e 7:N XN — L is a vote aggregation function that computes the social
support of arguments and attacks
¢ Ag,Ap:LxXL—L;Y:LxL— L;and—-:L — L are algebraic
operations on L

The operations 7, A, Y and — are used to calculate the overall strength
of the arguments and attacks based on their initial votes. For the voting
scenario considered in [11], the so-called product semantics was given. In
this semantics, L is U (i.e., the interval [0,1]); Ag and Ag are both the

24Note that [19] were not aware (and did not quote) [1], which was six years earlier.
Thus, the only new contribution in [1] was how they determine the initial values and the
connection with voting.



product t-norm A, where x A y = x.y; Y is its associated t-conorm, i.e.,
xYy=1-(1-z).(1-y) =2x+y—=x.y; " =1 —x; and 7 is one of a family
of operations 7. defined as follows:

Definition B.4. [Initial support for attacks and arguments| Let X be an ar-
gument and Vs(X) = (p,m).
nX)=—"2
pt+tm-+e
where € > 0.
The initial support value for an attack (X,Y) is calculated identically,
except that we use Vg((X,Y)) instead of Vs(X).

One can regard 7. and the operation that calculates the initial social
support value for arguments and attacks. However, one adverse effect of cal-
culating the initial support in this way is that it fails to put the votes in
context, so an argument for which a single supporting vote is cast can get
social support close to 1 (depending on what the value of € is).?>

The semantics of a social abstract framework is then defined by a social
model presented below.

Definition B.5. [11] Let F' be a social abstract argumentation framework and
T =(L,7, ks, AR, Y,7) a semantic framework. A social model of F under
semantics T is a total mapping M : S — L such that for every X € S

M(X) =7(X) A = Yy, eanx) {T((E,X)) A M(Y;)}
Note that if A is product t-norm and Y is its t-conorm, as in [11], then
M(X) = 7(X) A~ Yyeanx) {7 (Y X)) L M(Y5)}

= X)) 1= (1- I a-r(vx)-M(¥)
Y; €Att(X)

= - [ Q-6 X)) Mx)

Y, €ALL(X)

Contrast M (X) with the equilibrium value of X, V,(X) as we proposed it in
[17, Definition 5]:

V(X)) =WX)- I -&(vX)Ve(vd)
Y€ Att(X)

The calculation is exactly the same, except that we compute initial
support differently as discussed next. We emphasise that the notion of the
strength of attack already existed since [1].

As Leite et al. initially pointed out in [19], there are difficulties with the
vote aggregation function 7. At first, the constant € was introduced to avoid
the existence of infinite models. For example, consider the network

25¢ cannot be 0, because this would render 7. ill defined for components with no votes.



o o

\/
1

And assume that Vg(X) = Vg(Y) = (2,0). Then we have that 7o(X) =
70(Y) = 1 and hence any model M satisfying the equation M(X) =1-M(Y)
is a social model of the network.

However, if the social support uses a very small value for ¢ that is
nevertheless greater than 0, we get the following situation.

MX) = (- M)
M) = (- M)

If we substitute one value for the other, we get that

M) = 1 (11j—5

— (1 br(x) )
1 1 -1+ M(X
_ < +e—1+ M( ))

1+¢ 1+e¢

1 e+ M(X

B 1+5< 1+(5 )>
e+ M(X)
(1+¢)2
M(X)(1+e)? = e+ MX)

M(X)(1+e)?-M(X) = ¢
M(X) =

5
(14+e)2-1
€
2¢ + g2
1
2+4¢

and hence lim._,o M (X) = 3 = M(Y), which provides a unique solution.

In our opinion, there is a methodological problem and a technical one.
The value € > 0 solves the technical problem, which is the convergence to
a single model. However, methodologically speaking, the objective of 7 is to
calculate initial support for components and in that respect, the constant e
has no part to play. This situation does not arise in [17, 16], because the
social support function there is normalised with respect to the total number

of argumentation networks being merged. We hope we have shed some light



into the technicalities of finding solutions to the equations throughout this
paper.

A more difficult problem is the exaggerated role played by terminal ar-
guments with little support, as shown below. Consider the following example:

((x¥)
Cx o= D

and assume that Vg(X) = (1,0) and Vg(Y) = (99,0). According to Defini-
tion B.4, 79(X) = 1. Since X is a terminal argument, M (X) =1(1-0) =1
and hence M(Y) = (V)1 — 7 ((X,Y)) - M(X)) = 70(Y) (1 — 7 ((X,Y))).
Hence, the fate of Y depends on how strongly the attack from X is sup-
ported.?6 Although this technically solves the problem, it mixes the two is-
sues, because a voter must vote for an argument as well as for its attacks, if
they are to have any effect and an argument can get very high initial support
even if it is voted only by a very small number of voters.2”
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26The main motivation for the introduction of the weights on attacks in [11].
27THigh values of T should correspond to high level of initial support.
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